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Abstract. We describe noncommutative desingularizations of determinantal varieties, de- 
tenninantal varieties defined by minors of generic symmetric matrices, and pfaffian va- 
rieties defined by pfaffians of generic anti-symmetric matrices. For maximal minors of 
square matrices and symmetric matrices, this gives a non-commutative crepant resolu- 
tion. Along the way, we describe a method to calculate the quiver with relations for any 
non-commutative desingularizations coming from exceptional collections over partial flag 
varieties. 
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1. Introduction 

For a singular variety X, a non-commutative desingularization (Definition 2.2) is a co- 
herent sheaf of associative algebras over a proper scheme Y over X birationally equiva- 
lent to X, such that ^ is generically a sheaf of matrix algebras and has finite homological 
dimension. This notion arises from the study of the derived categories of coherent sheaves, 
as well as theoretical physics. In the case that X - Spec/? for a Gorenstein ring R, Van 
den Bergh introduced a notion of non-commutative crepant resolution (Definition 2.4, c.f. 
also [V04b]), which means a non-commutative desingularization whose global section is 
maximal Cohen-Macaulay. This notion is a generalization of an existent notion of crepant 
resolution, and is introduced with the hope that any two crepant resolutions, commutative 
or not, are derived equivalent. 

The idea of non-commutative desingularization can be traced back to the general theory 
of derived Morita equivalence due to Rickard and others. Let ^ be a field. An ordered set of 



Date: March 2, 2013. 

2(m Mathematics Subject Classification. Primary 14F05. 4E05, 16G20; Secondary 14A22, 13D02, 14L35 . 
Key words and phrases, deteraiinantal variety, symmetric iTiinor, pfaffian, partial flag variety, exceptional 
collection, derived equivalence, quiver with relations. 

1 



2 



J. WEYMAN AND G. ZHAO 



objects V - {Vq., ff € /) in a triangulated A:-linear category D is called (strong) exceptional 
if we have Ext*(V„, V/j) = for a < yS; Ext"(V„, V„) = for « 0, and End(Vs) = k. An 
exceptional set is said to be full if it generates D. If X is a projective variety, (£0, ■ ■ ■ ,E„)is 
a full exceptional collection in the derived category of coherent sheaves on X. Then there 
is an equivalence of derived categories 

RHomi®iEi, -) : D'\X) D^A-mod), 

where A-mod is the category of finitely generated left modules over A :- End(©,£',) with 
the opposite multiplication. Note that by properness of X, the algebra A is finite dimen- 
sional and can be described as the path algebra of a quiver with relations. 

Let Z be a quasi-projective variety, e.g., the total space of a vector bundle over a pro- 
jective variety X, Z rarely admits an exceptional collection. Nevertheless, if Z is projective 
over some affine scheme of finite type, it admits tilting objects. And in this case Z is de- 
rived equivalent to the endomorphism algebra of a tilting object, as has been explained in 
[HV07] and will be reviewed in Section 2. Here by a tilting object, we mean a perfect 
complex T in D''{Z) such that Ext'(r, T) - for all / 9^ 0, and T generates the entire de- 
rived category, in the sense that the smallest triangulated subcategory containing T closed 
under direct summands is the entire derived category. In all cases we are interested in, the 
tilting object can always be chosen as a vector bundle, considered as a complex of coher- 
ent sheaves concentrated on degree 0. If this happens, the assumption that T generates 
D''{Z) can be replaced by that Ext*(r, C) = for some complex C implies C is exact (see, 
e.g. [BHIO]). But the fact that Z is non-compact makes the endomorphism algebra more 
complicated than the proper case. 

If X is a smooth projective Fano variety and Z = ojx is the total space of its canonical 
bundle, the inverse images of some exceptional collections on X to (Dx has been used 
by Tom Bridgeland and others to study t-structures in the derived categories of coherent 
sheaves on ojx (see, e.g. [Br05]). 

Let G be a reductive group and P a parabolic subgroup. Let p . Z ^ G/P he an equi- 
variant vector bundle. In this paper and subsequent ones, we use the inverse image of the 
exceptional collections on G/P to Z, with special emphasis on the situation when the to- 
tal space Z is a commutative desingularization of a orbit closure of some representations. 
When the vector bundle is the commutative desingularization of generic determinantal va- 
riety defined by maximal minors, a non-commutative desingularization of this nature has 
been studied by R. Buchweitz, G. Leuschke, and M. van den Bergh in [BLV09]. In the 
current paper, we describe separately the quiver with relations of noncommutative desin- 
gularizations of higher corank determinantal varieties, symmetric determinantal varieties, 
and anti-symmetric determinantal varieties. 

The study of exceptional collections was initiated by Beilinson and Kapranov who dealt 
with the case of the projective spaces and partial flag varieties. According to the result of 
Kapranov, the set 

{SM* I a c ((« - r)')} 

is an exceptional collection over the grassmannian Grass„_,.(£') of (« -r)-planes in E, where 
Si is the Schur functor applied to the partition A, the index set is the set of all subpartitions 
of ((n - r)' ), the square with n - r columns and r rows, and Q is the tautological rank r 
quotient bundle over GiasSn-r(E). 

Let p . Z ^ G/P he an equivariant vector bundle, and let V{G/P) = {V„ | a e /) be a 
full exceptional collection on G/P. On the total space Z, the inverse image p*i®a^a) can 
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fail to be a tilting object. Moreover, its endomorphism algebra A := End ff^{p* {(Ba^ a)) is 
usually infinite dimensional as a vector space. 

It is easy to show (Proposition 2.7 ) that for any tilting bundle ^il on G/P, (in particular 
for fflffV^,) the inverse image p*^il is a tilting bundle on Z if the p* <§ndff^^p{,']/'U) has 
no higher cohomology. If ^ : Z ^ Spec/? is a commutative desingularization of an 
affine (integral) variety Spec/?, and if the vector bundle Z has rank higher than 1, then 
we show that Endg^ip* ,'7U) = E,ndR{q»p* ,^U) and EndRiq^p* is a non-commutative 
desingularization of Spec/?. 

In the case of homogenenous space G/P the exceptional collection often consists of 
equivariant vector bundles. In such case the objects in D'\Z) corresponding to the simples 
are obtained by pushing forward the dual exceptional collection (Definition 2.12) over 
GjP. 

Let be a A;-linear category. Recall that for an exceptional collection V, the dual col- 
lection A = {A„ I Q- € /) is another subset of objects in D^{W), in bijection with V, such 
that Ext*(A/j, Vq,) = for f3 > a, and there exists an isomorphism A/s = mod D^j3, where 
D<„ is the full triangulated subcategory generated by {V^ \/3 < a). 

Let A = Endff^(p*(®a^a)) and Sp - RHomff^(p*(®a^a), u*^/}), where u : G/P — > Z 
is the zero section. 

We prove 

Theorem A (Theorem 2.25). Let V(G/P) - {V^ | a e /) be a full exceptional collection 
consisting of equivariant sheaves over G/P with the dual collection A. Assume the res- 
olution q : Z ^ Spec/? is G-equivariant with '(0) = G/P, and the only fixed closed 
point of Spec /? is (0) c Spec /?. Assume moreover that p*{®a^a) is a tilting bundle over Z, 
A = Endj?(^t/5*(©„V„)), and EndR{_qtp* {®a^ a)) is a non-commutative desingularization. 
Then, 

(1) S'o.'s are equivariant simple objects in A-mod; 

(2) a basis of the vector space Ext\{Sa,Sjjy generates A over ©q,Cq,; 

(3) with the generators for End Riq^p* 3^ if) as above, Ext^^(A,-, A^)* generates the re- 
lations. 

If Spec /? is the closure of an orbit in a representation of G, and the commutative desin- 
gularization is an equivariant vector bundle over G/P, the above theorem and the discus- 
sions proceeding it give a general approach to calculate a non-commutative desingulariza- 
tion of orbit closures. The drawback of our approach, compared to [BLV()9] and [BLV 1 1], 
is that our approach does not work well in positive characteristic, although a fair part of 
Section 2 holds in a characteristic free fashion. Unless otherwise specified, we work over 
a field of characteristic zero. We will write the field as C if its characteristic is zero, and 
k if its characteristic is arbitrary. 

The non-commutative desingularization EndR(^s/:'*^i7), expressed by idempotents, gen- 
erators and relations as above, can also be expressed as the path algebra of a quiver with 
relations. Note that the vector space spanned by the set of arrows between any two ver- 
tices is naturally a representation of G. We find it convenient to introduce the language 
of equivariant quivers, as all the Ext's are naturally representations of G. For the precise 
definitions of equivariant quivers and their representations, see Section 4. An equivariant 
quiver is a triple Q - (Qq, Qi,a), where {Qq, Qi) is a quiver and a is an assignment as- 
sociating each arrow q € Qi a finite dimensional irreducible representation of G. For any 
equivariant quiver, there is an underlying usual quiver, upon choosing a basis for each rep- 
resentation associated to each arrow. The path algebra of an equivariant quiver is endowed 
with a natural rational G-action, so that we can consider the equivariant representations of 
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it. While imposing relations to an equivariant quiver, we require the relations to be sub- 
representations. In fact, if the equivariant quiver gives the endomorphism ring of a tilting 
object over G/P, the derived category of equivariant sheaves over G/P is equivalent to the 
derived category of equivariant representations of the path algebra with relations of the 
equivariant quiver 

Let Spec /? ' be a GL„ orbit closure in the space of n x « symmetric matrices, we do get 
a non-commutative desingularization by pulling-back the Kapranov's exceptional collec- 
tion. ' More precisely, we assume £ is a vector spaces over k of dimension n and //* be the 
affine space Sym2(£'*). Upon choosing a set of basis for E, the coordinate ring of //' can 
be identified with 5 ' = k[xij]i<j. Then is the quotient of S " by the ideal generated by 
the (r -t- 1) X (r + 1) minors of the generic matrix (xij). 

Let — » — » £■ X Grass ^ be the tautological sequence over Grass, where 

Grass is the grassmannian of (n - r)-planes in E. Then the total space Z^" of Sym2 Q* is a 
commutative desingularization of SpecP*, as is proved in [W03]. 

We consider the pull back of .S^Uk - ®ac{(ii-rr)^aQ* , the Kapranov's tilting bundle over 
Giass„-r{E) by p' : Z.'^ Grass. 

Theorem B (Proposition 5.3, Proposition 5.6). Let .^THk be the Kapranov's tilting bundle 
over Grass„_,.(£'), and is the total space of Sym2 Q* which desingularizes the rank r 
determinantal variety Spec/?' of symmetric matrices. 

(1) The bundle p'*^ilK is a tilting bundle over ^3', i-e-,Ext'^Xp'* ■^'^Hk, p'* -^Hk) - 
for / > and Ext' (p'* ^^il^, C) = implies C is an exact complex. In particular, 
D''{Coh{Z')) = D'^iEndz'ip'* ^ilK)-mod). 

(2) The map End:i!{p'* .^Uk) — > Ends(qip'* -^^Uk) is an isomorphism of P'-algebra, 
and this algebra is a non-commutative desingularization of Spec/?'. In other 
words, it has finite global dimension. Moreover, if r = « - 1, it is maximal Cohen- 
Macaulay over R\ 

Now we describe the equivariant quiver with relations for the non-commutative desin- 
gularization. We will use C^^^ for the Littlewood-Richardson coefficient. For any two 
vertices a and /3, the space of paths from jito a will be denoted by Hom()S, a). 

The equivariant quiver with relations of the endomorphism ring Endsiq'^p'* .'^Uk) is 
given as follows (see Proposition 5.14 and Proposition 5. 1 5). The set of vertices is indexed 
by subpartitions of ((« - r)'). 

• In the case n-r = 1 , the set of arrows from yS to o- is given by £ if ^.j q 9^ or 

(1 0) ^- arrows otherwise. The relations are generated by the following 
representations in the space Hom(J3, a) 

(C|,(i,i,o,...,o)S2£) e (Cf_(; ; „ ..._„,S2£) e (5^^ e). 

• In the case n - r - 2, arrows from j6 to ff is given by E if C^'^j q o) *-* 

C if J Q it 0. No arrows otherwise. The relations are generated by the 
following representations in the group Hom(yS, a) 

E) ® (Cf;,_,_2)£) ® (<(U,0,-,0)S2^) ® (<(2,0,-,0) E). 

• In the case n - r > 3, The set of arrows has the same description as in the case 
n-r -2. The relations are generated by the following representations in the group 



We use the upper script .v to remind us that we are in the symmetric matrix case. Similarly, later on we will 
use the upper script a in the skew-symmetric matrix case. 
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Hom(/3, a) 

(^f',(0,- ,0,-1,-1,-2)^^ ® (^f',(l,0,-,0,-l,-l)'^) ® (^»',(2,0,-,0)^2£') e (Cf,_(|_,_o_..._,)) E). 

Now let Speci?" be a GL„-orbit closure in the space of n x n skew-symmetric matrices, 
we also get a non-commutative desingularization by pulling-back the Kapranov's excep- 
tional collection. Let ^ ^ — > £ x Grass — > Q — > be the tautological sequence over 
Grass, where Grass is the grassmannian of (n - r)-planes in E. Then the total space Z." of 
A^Q* is a commutative desingularization of Spec^", as is proved in [W03]. 

We consider the pull back of the Kapranov's tilting bundle ^^Uk - ®ac((n-ry)S>aQ* over 
Grass„_,.(£') by p' : 7L" Grass. 

Theorem C (Proposition 6.2, Proposition 6.4). Let S'Uk be the Kapranov's tilting bundle 
over Grass„_r(£'), and X," is the total space of A^g* which desingularizes the rank r Pfaffian 
variety Spec R" of skew-symmetric matrices. 

(1) The bundle /?"5^!7A:isatilting bundle over Z",i.e.,Ext^„(f'*=T///f,/y*^;7/s:) = 
for / > and Ext'{p'* ^ilg, C) = implies C is an exact complex. In particular, 
D^CohiZ")) = D^Endz-ip" ^ilK)-mod). 

(2) If r > 2, the map End^" ip" ^Hk) — * ^nds(q'^p'* ^Uk) is an isomorphism of R"- 
algebra, and this algebra is a non-commutative desingularization of Spec 7?°. In 
other words, it has finite global dimension. 

The quiver with relations of the endomorphism ring is given as follows (see Proposi- 
tion 6.7 and Proposition 6.8). The set of vertices is indexed by subpartitions of ((n - rY). 

• In the case yi - r - 1, arrows from /J to ff is given by E if C^'^j ^ o) *^ 

C if J Q 0. No arrows otherwise. The relations are generated by the 

following representations in the group Hom(/S, a) 

(Cf',(i,o,...,o) ^'£)®(Cf;(2,o,...,o)S2£)- 

• In the case n - r - 2, there is one more arrow from [} lo a given by C for 
C^, 1 A n^ besides the above ones. No arrows otherwise. The relations are 
generated by the following representations in the group Hom(y6, a) 

(^»',(0,- ,0,-1,-3)*^) ® (^f'.(l,0,.-.,0,-2)'^) ® (^f',(2,0.-,0)^2£') © (C^^',(i,i,o,....0) 

• In the case « - r > 3, The set of arrows has the same description as in the case 
n - r - \. The set of relations has the same description as in the case n - r - 2. 

In the case of generic determinantal varieties, the quiver with relations are already 
known to the experts. We used the geometric technique in [W03] to study the decom- 
position of the non-commutative desingularization as representations. 

CONVENTIONS. For an abelian category its derived category will be denoted by 
DC^t), and its bounded derived category D*(9l). For a scheme X, we denote the abelian 
category of quasi-coherent sheaves over it by Qcoh{X), and the abelian category of co- 
herent sheaves Coh{X). For short, D^(X) - D''{Qcoh{X)). For a ring A, commutative or 
not, A-Mod will be used to denote the abelian category of (left) A-modules, and A-mod 
the abelian category of finitely generated (left) A-modules. For a partition A, we denote 
by S,i the corresponding Schur functor We will identify partitions and Young diagrams 
and following the conventions in [F97]. For a vector bundle over X, we denote its dual 
bundle ,y^on\x(,!^ , by Similarly, for a vector space E, its dual space is denoted 
by E* . For any /^-module M, when we talk about the algebra structure of EndR(M), we 
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consider the opposite multiplication. Similar for S'nde^iJ^) for any quasicoherent sheaf 
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2. Constructions and formulas for non-commutative desingularizations 

2.1. General notions about tilting bundles. For a scheme X, a vector bundle (or more 
generally a perfect complex) is called a tilting bundle over X if it satisfies the follow- 
ing: 

(1) ^il-^ = in D\X), i.e., for any complex M, Homoi,(x)i'^il, M[i]) = for all / 
implies M - 0, where [1] is the shifting functor; 

(2) Ext' i^il, ^il) = for / > 0. 

Theorem 2.1 (7.6 in [HV07]). ForX a projective scheme over a Noetherian affine scheme 
of finite type, and .^il e D{Qcoh{X)) a tilting object. We have the following 
(1) RY\omffj^{^il, — ) induces an equivalence 



(3) IfX is smooth then Endff^i^il) has finite global dimension. 

Definition 2.2. [§ 5 in [BO02]] For an algebraic variety X, a noncommutative (birational) 
desingularization of X is a pair {p, £/) consisting of a proper birational morphism p : Y —> 
X and an algebra - S'ndffy{^) on Y, the sheaf of local endomorphisms of a reflexive 
coherent ^T'y-module such that the abelian category of sheaves of right modules has 
finite homological dimension. 

Remark 2.3. In the original definition of [BO02], the sheaf ^ is only required to be 
torsion free. 

Definition 2.4. For a Gorenstein ring R, we call an endomorphism ring A = Endx(M) 
for a reflexive /^-module M a non-commutative crepant resolution if A has finite global 
dimension and is maximal Cohen-Macaulay. 

2.2. Preimage of tilting bundles and noncommutative desingularization. Let G be a 

reductive group, P < G a parabolic subgroup. Suppose we have a tilting bundle ^ilc/p 
over the partial flag variety G/P, and suppose the total space Z of a vector subbundle of 
A" X G/P over G/P desingularizes an affine subvariety Spec/? c A", i.e., the projection 
A" xG/P ^ A" restricted to Z is birational onto Spec/?, so that the restriction is a desin- 
gularization. We seek the conditions for the inverse image of ^ilc/p to be a tilting bundle 
over Z, and to give a non-commutative crepant resolution of Spec R. 



,^on X. 



D{Qcoh{X)) s D(EMff^{,^H)-Mod). 
(2) This equivalence restricts to an equivalence 



D^CohiX)) s D^Endff^i^iiymod). 



(1) 




SpecR'^ 



A' 
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Lemma 2.5. Asswne p : X Y is the projection of a vector bundle over an algebraic 
scheme Y, S' is a quasi- coherent sheaf over Y such that — in D''{Y), then, 

{p*3r)^ =0 

in D\X). 

Proof. The projection p is an affine morphism. Denote the corresponding sheaf of algebras 
of the affine morphism p by £/. The push-forward functor p, induces an equivalence 
between Qcohffx and the subcategory s^-niod of Qcohffy In particular, is exact. 

The sheaf - Sym(X*) is locally free. Therefore, p* is also exact. 

We have a pair of adjoint exact functors {p*,p,) between Qcoh(X) and Qcoh{Y). By 
a standard result in homological algebra (III. 6 in [GM03]), they induce an adjoint pair 
between D''(X) and D''{Y), which we still denote by (p*,pt). They commute with the 
shifting functor [ 1 ] . 

For a complex C over X, assume Hom[y,^x){p* C[i]) - for all /. Using the adjoint 
property, we get Horn ob ^Y)i ■S^ ^ P*C[i]) - liomob(x)ip* C[i]) - 0. By assumption, p^C = 
in D\Y). This implies p.C s in D^C^), hence, C = in D''(X). a 

Lemma 2.6. Asswne p : X ^ Y is the projection of a vector bundle over an algebraic 
scheme Y, and 3^2 <^re two vector bundles over Y such that H'(X, p* Jif om{.^i , .^2)) — 
for all i > 0, then Ext'(p* p* ^2) = Ofor all i > 0. 

Proof. Denote the corresponding sheaf of algebras of the affine morphism p by £/. We 
have the local-global spectral sequence E with 

e'^ = H'(X,S'xtj^(p*3i,p*^2)) 

which converges to Ext'^^^ip* ^i, p* £^2)- 

Since p*^i and p*£^2 are both locally free, iS'xt'^ip* p* ^2) - for all positive j. We 
have 

ExtXp* ^1 , p* ^2) = H'{X, .J^omff.ip' ^1 , p' 5-2)). 
Since jz/ is locally free, we can identify 

p' =^om<y,(^i, ^2) = ^om^,(^i, ^2 ®ffy £/) = ^om^^(p*5^,p'^2). 

Use the assumption that H'iX, p* Jfomff^(^i, = 0, then, Ext'(p*^i,p*^) = for 
/ > 0. □ 

We get the following method to construct crepant noncommutative desingularizations. 

Proposition 2.7. Notations as in diagram (1). Let ^il be a tilting bundle over G/P. 

(1) If H'{Z, p'* S'ndiffi-.ip(.^il)) — Ofor all positive i, then p'*.^il is a tilting bundle 
over Z. 

(2) If moreover, En&ff^{p'* f^il) is maximal Cohen-Macaulay, and 

Endejp'*^il) = EndRiqip" ^il), 

then Endniq'jy'* S^il) gives a noncommutative crepant desingularization o/Spec R. 

(3) Assume H'{Z, p'* S'ndff^^i,(^il)) — Ofor all i > 0. If the exceptional locus of 
q' : Z ^ Spec R has codimension at least two in both Z and Spec R, and R is 
an integral domain, then End ff-^{p'* ^ il) = End^iqlp'* .fFil) and it gives a non- 
commutative desingularization o/Spec R. 
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Proof. The first part of this proposition follows directly from Lemma 2.5, Lemma 2.6 and 
the definition of tilting bundles. 

Note that if p'*5^;7 is a tilting bundle, then Endff^{p" ^il) has finite global dimension 
by Theorem 2. 1 because Z is smooth. This shows the second part. 

Now let us prove the third part. First note that by Lemma 4.2.1 in [V04a], if the ex- 
ceptional locus of q' has codimension at least 2 in both Z and Spec 7?, then q'^ sends 
any reflexive sheaves to reflexive sheaves. Note also that for a finitely generated mod- 
ule M over a commutative noetherian domain, M being reflexive is equivalent to be- 
ing torsion free and M - Mp, where the intersection is taken over all codimension 1 
primes (7.4.2 of [Bou98]). Both Z and Spec 7? are integral schemes, hence for any re- 
flexive sheaf over one or the other, Jifom{M, N) is also reflexive for any M. This is 
because om(M, A^) is torsion-free whenever is, and both intersection and localization 
commute with J^om(M, -), given integrality of the scheme. Thus, we know p'" is 
reflexive, so are Snde^ip'* ."^il), q', SnAff^ip'* .^Til), q'y^^il, and EndR(q'y* ^^U). The 
map End^i p'* — » Ends(qip'* ^il) is an isomorphism of rings in the complement of 
a codimension at least 2 subvariety. Both End^ip'* and Endsiqip'* ^il) are reflex- 
ive, hence End ff^(p'*£^il) = r\Ende^{p'* ^H)p = r\^ndR(qip" £^il)p = EndK(^:,;?'*^/0, 
where the intersection is taken over all codimension 1 primes. □ 

In some situations we will deal with, the exceptional locus has codimension 1 in Z. 
Unfortunately Proposition 2.7 doesn't apply. Nevertheless, we have the following Lemma. 

Lemma 2.8. Let X — Spec(R) be an affine normal Gorenstein scheme and f : Z ^ X a 
crepant resolution with exceptional locus has codimension at least 2 in X. Let 3^il be a 
tilting bundle overZ. If ^il(Z) is reflexive andEndff^{3^ il) is maximal Cohen-Macaulay, 
then 

End ff^i^il) = EndRi^iliZ)) 
and it is a non-commutative crepant resolution ofX. 

Proof. The only thing we need to show is that taking global section and taking endomor- 
phism ring commute in this case. First recall that (7.4.2 of [Boli98]) for a finitely generated 
module M over a commutative noetherian domain, M being reflexive is equivalent to being 
torsion free and M = P| Mp where the intersection is taken over all codimension 1 primes. 

There is a natural morphism of rings Endff^{,3'^il) — » EndR(^//(Z)). The target is re- 
flexive since it is a maximal Cohen-Macaulay module over a Gorenstein domain. This 
morphism is an isomorphism outside the exceptional locus of / which has codimension at 
least 2 in X. If the source is also reflexive, then we have End^^C-^'O - H End^2( J^//)/, = 
n Endfi(=^i7(Z))p = Endfi(5^//(Z)), where the intersection is taken over all codimension 1 
primes. 

□ 

We have the following Lemma to test whether a non-commutative desingularization 
obtained as in Proposition 2.7 is crepant or not. Although it is known, (e.g., see [BLV 1 1],) 
we include the proof for completeness. 

Lemma 2.9. Assutne Z is the total space of the vector bundle V onG/ P, and End^^ ip'* ^H) 
End^iq'^p'* £^il) with H'(Z, S'nd^^ip'* 3^il)) = 0. Then, Enduiq'^p'* ^il) is maximal Cohen- 
Macaulay iffH'{G/P, S^il* ® S^il®Sym{V*)®u)z) — 0, where oj is the dualizing complex. 

Proof. By definition, End^j,(p'*5^;7) is maximal Cohen-Macaulay iff Ext^(End^2(p'*=^'0> 
for all i > 0. As ^ is a proper and Rq, Sndg^ip'* I7H) = End g^^p'* S^il), using the 
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Grothendieck duality for proper morphisms (1.2.22 of [W03]) 

Ex4(End^,(/7'*^/0, wr) - Ex4^(^nd^,(p'*^!7), wz). 
We know Ext'j^(Endff^(p'*^ir), ojr) -Qis equivalent to the following 
Extjj(End<y^(p'* ^(7), ojr) = Ext'^^(^nd ffzip" ^H), cjz) 

s H'(Z, S'nd ff^ip" .?ril) ® uz) 
= H'iGjP, .^il* ® .^il ® Sym(V*) ® uz) 
s 0. 

□ 

2.3. Exceptional collections and dual collections. 

Definition 2.10 ([HV()7]). Let C be a triangulated category. A subset Q is called spanning 
if for each object a e C each of the following conditions implies a = 0: 

(1) Ext'(a, fo) = for all € Q and all / € Z, 

(2) Ext'(Z7, fl) = for all € Q and all / € Z. 

Let ?[ be a A:-linear category. 

Definition 2.11. An ordered set of objects V - {Vq,, a e /) in D'^i'il) is called exceptional 
if we have Ext*(V„, V^) = for o- < y6; Ext"(V„, V„) = for n + 0, and End(V„) = k. An 
exceptional set is said to be full if it is spanning for D'^Cit). 

Definition 2.12. Let A - A„, a e / be another subset of objects in in bijection with 

V. We say that A is the dual collection to V if Ext*(A^, la) — for fi > a, and there 
exists an isomorphism A/? = V/j mod D<^, where D^p is the full triangulated subcategory 
generated by {Vq, \ a < fi]. 

There are some well-known facts ([Be06]): 

(1) Ext*(Ao,, Vq,) - k, where k lies in homological degree 0; 

(2) Ext*(A„,V^) = Oforo' ^t/?; 

(3) The dual collection is unique if it exists at all. 

In particular, in the definition above, we take 9t to be the category of coherent sheaves 
over some scheme. It's not hard to see that if we have a finite fuU exceptional set V - 
{V„, a e 1} consisting of vector bundles, then T - ffi^V,, is a tilting bundle. 

2.4. Shapes of quivers for the non-commutative desingularization. Let G be a reduc- 
tive group, P < G a parabolic subgroup. Suppose p' : Z G/P is a vector bundle. Let 
M : G/P — > Z be the zero section. Let V{G/P) - {Va\a e /) be a full exceptional collection 
over G/P and A(G/P) - {Aq, | a e /) be the dual collection. 

Let us start with a provisional method to get the shape of quivers for the non-commutative 
desingularizations. 

Lemma 2.13. Let ^il — (Ba^a over G/P. Suppose p'* .fFil is a tilting bundle over Z. Then, 
Ext'^^(/7'*V„, UtA/j) vanishes unless t — and a — in which case it is 1 -dimensional. 
In particular, RY\omff^{p'* S^il,UtAp) — Hom^-,(/:)'*V^, MjA^) = k. 

Proof. Note that Ext'^^(/:''* Vq,, u^Ap) - Ext'^^^(VQ, A^). The conclusion then follows from 
the facts (1) and (2) about dual exceptional collections listed above. □ 

From this lemma, we easily get the following Corollary. 
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Corollary 2.14. Suppose further more that {R]iom(p'* ^il, p'*'Va),a e I] is a complete 
set of (distinct) indecomposable projective objects in End ff ^{p" ■^il)->nod. 

Then, for each a e I, m,Aq, is the simple object corresponds to the indecomposable 
projective R Hom(p'* jTil, p'*Va). 

Remark 2.15. Even if V{G/P) is a full exceptional collection over G/P, the collection of 
inverse images {p'*'Va | a e /} is rarely an exceptional collection over Z. This is because 
there could be non-trivial maps p'*Va p'*^a for a < /3. 

Throughout this paper, by radical, we mean the Jacobson radical. 

Proposition 2.16. Let A ;= End ff^(p'* ,^il). Assume Endg^ip'* ^il) = End^iq^p'* ,3^il) 
andEnduiq^p'* -^il) is a non-commutative desingularization of Spec R. Let S a — Rliom(p'* ^il, m«Aq,). 
Then S a's are distinct simple objects in K-mod. 

Assume further that Kj rad(A) is finite dimensional over k and A is Krull-Schmidt, semi- 
perfect (projective covers exist in K-mod). Let Pa be the projective cover of S a- Then, 
Pa = R Hom(/?'* £^il, p'*Va), and A = EndA(9aPa) is a basic algebra. 

See [ASS06] for the definitions of basic algebras. 

Note that if A/ rad(A) is finite dimensional, then its radical is zero and hence its module 
category is semi-simple. We record here some facts that will be used in the proof of the 
proposition below. 

Proposition 2.17. Notations as above. 

(1) For any A-module M, radM = radA ■ M; 

(2) The assignment M M/ radM defines a functor from A-mod to Af mdA-tnod; 

(3) For any idempotent element e e A, the natural map Hom^ (Ae,M) Me is an 
isomorphism of eAe-modules; 

(4) For any A / vsidA-modules M and N, let Pf^ be the projective cover ofN in A-mod, 
we have HomAiN, M) s ViomAiPN, M); 

(5) For any A/ vad A-module M, any simple A/ md A-module S and the projective 
cover P ofS in A-mod, we have HomA{M,S) = Hom/i(P, M). 

In the case of finite dimensional algebra, this proposition can be found in [ASS06]. But 
the same proof applied in this set-up. 

Proof of Proposition 2.16. Recall that R i\om{p'* S/'il, -) induces an equivalence between 
derived categories. Note that for any a, RHom{p'* .^il, p'*Va) is concentrated in de- 
gree 0, and isomorphic to Aca, where e„ € A is the identity element of Endff^(p'*'Va). 
Up to isomorphism, there are no more indecomposable projective A-modules because 
A = ®Hom(p'*,!^il,p'*Wa) and they are direct summands of A. Note also that Sa - 
7? Hom(/?'* 5^i7, m«Aq,) are all concentrated in degree as well, and each isomorphic to C. 
Hence all of 5„'s are simple objects in A-mod. They are pairwise non-isomorphic, because 
m«A,j's are distinct, as can be seen from Lemma 2. 13. 

Note that P„'s form a complete set of (distinct) indecomposable projectives. They are 
distinct as their tops are distinct. Clearly they are indecomposable as their tops are. These 
are all the indecomposable projectives (up to isomorphism) since 

#7 = rankKoiC/P) = rank7i:o(Z) = rank7i:o(A-moc/) = \ a e I}, 

where the 2nd equality comes from the Thom isomorphism (5.4 of [CGOO]) and the 3rd 
one from the derived equivalence (i.e., any abelian category has the same /T-group as its 
derived category). 
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It remains to show that Ae^ = Pa- As a projective module, Kea can be decomposed as 
direct sum of indecomposable projectives. And Lemma 2. 13 yields Acq, = P„. □ 

Remark 2.18. It is folklore that under the assumptions of the second part of Proposi- 
tion 2.16, in the quiver with relation for A = Endff^{p'* ^il), the arrows are given by a basis 
of Ext^^(A,-, A;)*. More precisely, e„(rad A/rad^ A)e^ s Ext]^(S 0,8/3)* = Ext^^(A,, A^)*. 
And the relations are given by Ext^^(A,-, Aj)*. 

Unfortunately, the conditions in Proposition 2.16 and Remark 2.18 are rarely satisfied. 
We will see later on that there could be infinitely many simple modules over End^^ip'* ^il). 
However, the conclusion of Remark 2. 1 8 is sometimes true in the situations we consider, as 
we assume that Z is the total space of an equivariant vector bundle V over G/ P, and both V 
and A consist of equivariant sheaves over G/P. Note that in this case, A = End^^ip'* S^il) 
is a representation of G. 

Proposition 2.19. Let V{G/P) — {V„ \ a e I] be a full exceptional collection consisting of 
equivariant sheaves over G/P with the dual collection A(G/P) also equivariant. Assume 
the resolution q : Z ^ Spec/? is G-equivariant with q^^(0) — G/P, and the only G-fixed 
closed point of Spec R is (0) C Spec/?. Let 3^il — ®a'^ a- Assume moreover that p'* 3^il is 
a tilting bundle over Z such that Endff^{p'* £^H) = EndR^qtp'* 3^ il). 

Then, the only G-equivariant simple Ende.^{p'*{®a'^ a)) modules are given by 

/?Hom^^(/7'*(ffi„V„),M.A^) s nomg^ip""^ p,u,Ap) 

and they are pairwise distinct as Endff^{p'*{®a^ ct))-niodules. 

Proof. First we show that the simple equivariant End^j,(p'*(ffiQ,V„)) modules have to be 
scheme theoretically supported on ; : {0} Spec/?. Let M be a simple equivariant 
ETidff2{p'*{®a^ a)) module whose support contains (0). Then M is an /^-module. The 
surjective morphism M -» iJ*M has non-trivial target, because {0} is a subset of the 
support of M. Note that his map is an G-equivariant morphism of ETidff^{p'*{®a^ a))- 
modules. It has trivial kernel since M is simple. Thus, M = iJ*M, i.e., M has (scheme 
theoretical) support on {0). 

Now we know that M, with support on (0), is a simple module over 

r End^,0/*(e„V„)) - <f nd«?,(/7'*(ffi„V„)). 

Using the cartesian diagram 

Z-< — ^G/P 

Spec/?-^- ^{0) 

and Remark III.9.3.1 in [H77], we obtain a map 

i*q, ^?nd£y^(p'*(ffi„V„)) ^ q'y Snde^ip'^^a^ „)). 

Note that i'q^ Sndff^{p'*{®a^ „)), as a inverse image through proper morphisms, is a finite 
dimensional algebra. There's a natural grading on it giving by the weights of G,„-action, 
where G,,, acts on Z by scaling. The zero's graded piece of i*qtSvide^{p'*{®a^a)) is 
Endcipi®^ a)- Every element in the first graded piece can be easily checked to be in the 
Jacobson radical of i*qf Svidff^{p'*{®a^ a)) using finite dimensionality. Therefore, we get 
an isomorphism 

/* Ende2{p'\®a'^ a)) / rad = Endc/pCeVo.)/ rad . 
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So far we know M is a simple module over Endc/p{(B^a)- As V is a full exceptional 
collection over G/P, its endomorphism ring is a finite dimensional basic algebra, with all 
the simple modules of the form Homc/f (ffiV„, A^) = liomz(p'*(®a^a), UtAj}). Thus, M 
has to be isomorphic to one of them. (Note that the jacobson radical acts trivially on the 
simple objects. Thus, two simple modules are isomorphic over Endc//'(ffiV„) iff they are 
isomorphic over Endffz{p'*{®a^a))-) 

For the claim that Sa + S p unless a - p, note that RHomffz{p'*{®a^a), -) induces an 
equivalence of derived categories. To show Sa 9^ 5/3, it suffices to show u^Aa + m«A^, and 
this is clear by Lemma 2.13. □ 

Remark 2.20. As can be seen from the proof, the finite dimensional algebra End^g^^CffiVo,) 
is a subring of End^2(/''*(®ff^ff))- The modules 5q, are also simple modules over End ^^.^^(ffiV^). 
Actually, it is easier to see that S are distinct as modules over End^g^^(©V„). 

Remark 2.21. In Proposition 2.19 we only characterized all the simple End^^ip'* ^il)- 
modules which happen to be equivariant. There could be more simple objects in the abelian 
category of G-equivariantEnd^^C/''*'^'')"'^^'^^!^^- 

As R Homip" p'*'Va) could be different than the projective covers of S,,, from now 
on we make the convention that by P„ we mean R Hom(p'* ^il, ^"Vq,). 

Definition 2.22. For an algebra with a rational G-action, and any G-equivariant module 
M, we define radc M to be the intersection of all the G-equivariant maximal submodules 
of M. 

Caution: Note that radc M is not the intersection of all the maximal subobjects of M 
in the category of G-equivariant modules. 

Lemma 2.23. Assume A is a k-algebra with a rational G-action such that A/ radc A 
semi-simple. For any equivariant module M over A = End ff.^{p'* il), we have radc M — 
radc A ■ M. 

Proof. To show the inclusion radc M 2 radc A ■ M, it suffices to show that radc A is in the 
kernel of the map m- : A — > M/N (multiplication by m) for any maximal submodule and 
any element m € M. This is true because M/N is simple. 

Because of the semi-simplicity of A/ radc A, M/ radc M decomposes into direct sum of 
equivariant simple objects. And it is clear that radc M is the maximal submodule with this 
property. Hence we get the reverse inclusion. □ 

Remark 2.24. Up to now, we have not used the fact that the characteristic of the ground 
field is zero. But in the following theorem we do use. 

Tlieorem 2.25. Let W(G/P) — {Vq. \ a e 1} be a full exceptional collection consisting 
of equivariant sheaves over G/P with the dual collection A(G/P). Assume the resolution 
Z — > Spec/? is G-equivariant with q~^(0) — G/P, and the only fixed closed point of Spec R 
is {0} C Spec/?. Let A :— Endg-^ip'* ^il). Assume moreover that p"{®a^a) is a tilting 
bundle over Z such that A = Ends(^»p'* S^il). Then, 

(1) we have Cai^aAcA/ radg A)e^ = Extj^(5|,, 5/;)*. In particular, a lifting of a basis 
of this vector space to radc A generates A over ffi„C(^. 

(2) With generators of End g^ip'* ^ it) chosen as above, Ext^^(A,', Aj)* generates the 
relations. 
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Proof of (1). We know that S'a's are all the simple A-modules which are G-equivariant. As 
Yiom\{Pp,S a) - unless a = yS, in which case Wom.\{Pi3,S a) - C and Pal radc Pa = Sa- 
Note that this also implies A/ radc A = ©Cq, which is semi-simple. 
We take the short exact sequence 

-» radc Pa Pa Sa ^ 0, 

with Pa - RHomip'* ^il, p^Va). Hence we get an exact sequence 

^ Hom(5„, ^ liom(Pa,S/3) Hom(radG ^ Ext'(5<,, ^ 0. 

Hence 

Ext (Sa,Sp) = HomA (radc Pa,Sj3) 

= UomAiradc Pa /i:adl Pa, 8/3) 

s HomA(Ae/?,radcf'a-/radcP„)* 

= HomA( Ae^j, (radc A / rad^ A)eQ.)* 

= eQ.(radG A/ rad| A)e^. 

The claim that radc A generates A over is clear from Lemma 2.23. □ 

The second part of this theorem follows directly from the next Lemma, which gives an 
equivariant projective resolution of S „ and is interesting in its own right. 

Lemma 2.26. There is a projective resolution of S a of the form 

O^Sa^Pa^®P Ext'(5„, SpT ®Pp^®p ^^t^{Sa, S p)* ® Pp ^ . 

Proof. We start with a surjective map S „ ^ Pa whose kernel is radg Pa which is a direct 
sum of finite dimensional representations of G. This tells us that there exist a collection of 
finite dimensional representations {V^ly of G equipped with an equivariant surjective map 
radc Pa ®yVy ® Py which fits into an exact sequence 

O^Sa^ Pa ^ ®yVl®Pj. 

We take the kernel and proceed to get an equivariant projective resolution of Sa with i-th 
term of the form ffiyVj ® Py. 
We apply HomA(-, 5^) to get 

^ ^ (5f,c ^ yj* ^ y^* ^ ■ ■ ■ , 

which is a chain complex of G-representations. Hence, its i-th homology can be identified 
with a quotient of the ;-th term. In particular, we can do this for / - 1 and for all f3. We 
obtained 

coker 

®yV^ (8> Py — 2 ®y^y ® 

t 

®EXt\Sa,Sy)®Py 
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We claim that the composition d2 o m : ffiyV^ ® Py ^ coker is surjective. If so, we 
can replace (8> Py by Ext\Sa,Sy) ® Pj, and e^V^ » Py by d^\Ext\Sa,Sy) ® Py), and 
proceed further to get the desired resolution. 

To prove the surjectivity of c/2 ° we can assume coker = Vy ^ Py 0, hence 
Vy for some 7. We show that Vy ^ Py is in the image of d2 ° tti. Let Wy : = 
Vy iSiPy/Vy 'SiPyrMm(d207Ti). If this isn't zero, M/ radp M would contribute to Ext'(5„, 5/?) 
which makes it larger than it actually is. Hence, we are done. □ 

Remark 2.27. Note that the complexes m,Aq.'s are not in the core of the usual f-structure in 
D^(Co/i(Z)), but R Hom{p'* ^ il, u^AaYs are for the usual f-structure of D''{A-mod). This 
means the functor R liom{p'* ^il, -) doesn't restrict to an equivalence Coh{Z) — > A-mod. 

Remark 2.28. This derived equivalence gives the triangulated category D''{A-mod) a t- 
structure, by lifting the tautological f-structure of D''{A-mod) (see e.g. IV.4 in [GM03] for 
the definitions of f-structures of a triangulated categories and the tautological f-structures 
of derived categories). Note that this f-structure is different than the one given in [Be06] 
which is called the exotic f-structure. One evidence is that the f-structure we give here 
doesn't have a finite length core, while the abelian category of exotic sheaves does. 

Note that twisting the tilting bundle with any line bundle will give the same endomor- 
phism ring. This tells us we will get the same non-commutative desingularization by taking 
any exceptional collection in the same //'(G/P, ff*) orbit. But the induced f-structures on 
D''(Coh{Z)) do vary. 

3. Grassmannians 

3.1. A geometric technique. Now we review a geometric technique used throughout this 
paper The reference for this subsection is [W03]. 

The Schur functor for a partition a applied to a vector space E will be denoted by S„E 
[F97]. 

Let h : & —> Xhe a vector bundle, Grass(n - r,&) Xhe corresponding grassmannian 
bundle of (« - r)-planes. Let 0^'??— >fi^(3^0be the tautological sequence on 
Grass(« - r,fi). 

We will call the elements of Z" the GL„-weights, or simply weights. A weight a is 
called dominant if it is non-increasing. It is called (n - r)-dominant if > ■ ■ ■ > a,,-,- 
and Cn-j+i > ■ ■ ■ > a„. For an (n - r)-dominant weight we can consider two weights /3 = 
(ai,--- ,a'„_,)andy = (ffn-r+i,--- ,a„). We define the vector bundle ^(a) = S/sH* 'S)SyQ* . 

The symmetric group S„ acts on the set of weights. Let a - (ai, - ■ ■ ,a„). The permuta- 
tion CT; = (;, / + 1) acts on the set of weights by: cry.a - {ai, - ■ ■ , a;_i, a,+i - 1, a,- + 1,0, + 
2, ■ ■ • ,a„). 

Let a e Z" be a dominant integral weight. We denote a - {a\ - a„, . . ., a„-\ - a,,, 0). 
By definition the weight a is a partition. 

Tlieorem 3.1 (Kempf). Let K be afield of characteristic p > 0. Let h : Grass(£) X 
be a structure map. Consider the integral dominant weight and the corresponding vector 
bundle 'Via) on Grass(fi) defined as above. Then R°h,^{a) = Sg£* ® (A"£*)®°'" and 
R'K'Via) = Qfor i > 0. 

If char{k) = 0, we know more about cohomologies of bundles corresponding to non- 
dominant weights. 
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Theorem 3.2 (Bott). We consider the weight a satisfying at > ai+i for i ^ n — r and the 
corresponding vector bundle "Via) over Grass(n - r, fi) defined above. Then one of the two 
mutually exclusive possibilities occurs: 

(1) There exists a cr e I,,,, cr ^ I, such that cr{a) — a. Then the higher direct images 
'R'h/V{a) are zero for i > 0. 

(2) There exists a unique cr e !,„ such that cr(a) :— iJS) is a partition (i.e. is nonin- 
creasing). In this case all higher direct images 'Kh./V(a) are zero for i + l(cr), 
and 

'R"'^^h,^{a) = S^£* 

For a projective variety V of dimension m, X - an afiine space, the space X xV 
can be viewed as the total space of the trivial vector bundle & of dimension over V. Let 
us consider the subvariety Z in X xV which is the total space of a subbundle S in S. We 
denote by q the projection q : X xV ^ X and by q' the restriction of q to Z. Let Y = q{Z). 
We get the basic diagram 

ZC ^XxV 

^X 

The projection from X xV onto V is denoted by p, and the quotient bundle &/ShyT. 
Thus we have the exact sequence of vector bundles on V, 

The coordinate ring of X will be denoted by A. It is a polynomial ring in variables 
over k. We will identify the sheaves on X with A-modules. The direct image pt{^z) can 
be identified with the sheaf of algebras Sym(?;), where rj = S*. For a vector bundle over 
y, the i^^xxv-module i?z ® p'^ will be denoted by MCV). 

Theorem 3.3 (5.1.2 in [W03]). For a vector bundle 'V on V, we define free graded A- 
modules 

i+j 

Fi^)i = H\V, A(,-i - j) 

where £, = T* and (i) means shifting by i. 

(1) There exist minimal differentials 

diCV) := F{^)i 

of degree such that FCV), is a complex of free graded A-modules with 
H^iiFi^).) = Kq.Mi^). 

In particular, the complex FCV), is exact in positive degrees. 

(2) The sheaf 'R'q.,M{'V) is equal to H'{Z,M{'V)) and it can be also identified with 
the graded A-module H'{V, Sym(;;) ® 'V). 

(3) If ^ : MCV) — > MCV )(«) is a morphism of graded sheaves, then there exists a 
morphism of complexes 

f.(cf>) : Fm. 

Its induced map H-j{f,((f))) can be identified with the induced map 
H\Z, MCV)) H'CZ, M(V))(n). 
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This theorem will be mentioned as the basic theorem of geometric method in this paper 
Now we come to a criterion for maximal Cohen-Macaulayness in the context of geo- 
metric technique. The proof, which can be found in 5.1.5 of [W03], is based on the basic 
theorem of geometric technique and Lemma 2.9. 

Proposition 3.4. Let 'V be a bundle over V, and let V :- ojy ® a'"''^ (gi 'V*. Assume 
dimZ = dim Y andR'q'X^^ » p*^) = 0/or all i > 0. Then, R^q'J^, » p*^) is a maximal 
Cohen-Macaulay module supported on Y ijfR'q'^{ff~ ® p*'V) — 0/or all i > 0. 

We will use this proposition in Section 8 to prove that some non-commutative desingu- 
larizations we study are crepant. 

3.2. Exceptional collections on Grassmannians. Kapranov [K88] constructed an excep- 
tional collection over Grass„_,.(£'), the grassmannian of (n - r)-planes in the vector space 
E over C. 
Let 

^ ^ F X Grass Q ^ Q 

be the tautological exact sequence over Grass. He proved that {Sa'R* I a sub-partition of (r"''')} 
is an exceptional collection, where (r" '') means the rectangle with r columns and n-r rows, 
and is the Schur functor corresponding to the partition A. Hence, the vector bundle 

£^ilK — ffl[»e{siib-partition of (r"-'"))^ff^ 

is a tilting bundle. And the dual exceptional collection is given by 
{S„'(3[|ci'|] I ff sub-partitions of (r'")}, 

where for a partition a we write a' for its transpose. And for any weight a, we call 2 / at 
its area which is denoted by \a\. 

Observe that - ® A'"'' (3 and - ® a'"'"R define a action on the triangulated category 
D''(Coli(Giass„_riF))). This action sends one exceptional collection to another and pre- 
serves duality. 

Applying the Z^-action we can see that V(Grass) = {SaQ* I A c ((n - r)')} over Grass 
is also a full exceptional collection. As can be checked by definition, the dual collection is 
given by A(Grass) = S(„_r)'-<3* ® §(«')' '^[(" ~ '")'" ~ l"^!]' where for a subpartition a of r"^'' 
we write o-^ for its complement in the rectangle r" 

Now, let us work in the set-up as in diagram 1 by taking G/P to be the grassmannian. 
We describes the Ext's between the equivariant simples S/i - RHomff^^{p*{®a^a), UtA/j) 
as in Proposition 2.19. We will use that to get the shape of quivers with relations of the 
non-commutative desingularization. The proof of the following lemma is on the same line 
as the corresponding one in [BLV09]. 

Lemma 3.5. Let Z be the total space of the vector bundle SgQ* for some partition 6 
such that the conditions in Proposition 2.19 are satisfied for the exceptional collection 
V(Grass) — {S^(3* \ A (Z {{n - rY)}. Let S a's be the simples as in Proposition 2.19. Then, 
the Ext's among them are given by 

Ext'(5„, Sp) = e, ®,,eA..s, //'"■'"^'^'"'(Grass, S^(3* ® V^* ® S^'*^)' 

where A'S^ stands for the decomposition of A'S^C""'' into irreducible representations 
counting multiplicity. 
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Proof. We have 

Ext'(5„, Sn) = Ex4^(m.§(„_,), (3* (g) §(„.)'^[(« - '•)'• - lo-l], M.§(„-ry <3* ® So3')'!^[(n - '")'" - 

= Ext'^^'^'"'(M.S(„-,y-<a* ® S(,^)'??, M,S(„-,y-(3* (8) S(y3.)'';^) 

= ej//'"-'"^l+l"l(Grass, A-'S^fi* ® SipcyH ® Sf.^y'R*) 

= e., ®AeA'S,) //'"-'"^'"""'(Grass, S^(3* ® S/^-'R* ® S„-«). 

The only thing need to explain in the above is the third equality. To get that we take the 
Koszul resolution of m, V :- u,S(„-ryQ* ® Ena'y'R as follows 

> A%(3®y(g)^2 -» SsQ^V^^z V® ^z, 

apply Jifomiff^{-, uM), and use adjunction formula to get 

^ jromG,-ass(V, U) ^ ^^OmG,-ass(S5<3 ® V, C/) ^ jTomcrassCA^SifQ ® V, C/) ^ • ■ " . 

Note that the f-th hypercohomology of this complex is exactly ¥.xt'{S a,S p). The third 
equality above is equivalent to the degeneracy of the hypercohomology spectral sequence 

= //'(jromcmssCA'Sae® y, U)) ^ Ext'+^(5„,5/j) 

at El-page. We calaim that the hypercohomology spectral sequence does degenerate at 
El-page. In fact, after pluging in V = S(„_,.). (3* ® S(a.)'7? and U - S^n-ryQ* ® §03')'^, all the 
differentials are equivariant under GL„ and the areas of the weights of different columns in 
the spectral sequence are different. Therefore, no differentials other than the vertical ones 
which are in Eq. □ 

Corollary 3.6. Let SyQ* c S^^.Q* ® Sa'Q andk^t- s- \y\. 

(1) For a fixed t, i/*(Grass, S,,(3* (g) SyH*) = 0/or any s > t. 

(2) For a fixed t, //*(Grass, SaQ* ® E.y'R*) = 0/or any > k. 

(3) For a fixed s and t, //*(Grass, S^(3* (8 Sy??') = Oforanyy - (yi,--- ,yn-r) with 
the positive area of y greater than t — s. 

(4) For any y = (71, ■ ■ ■ , 7„-rX //'^(Grass, S^Q* (8 Sy'R*) = unless the negative part 
ofy' is contained in A. 

Proof. According to Bott's Theorem, there can be no more than one k such that //'^(Grass, §^6? 
Sy'R*) + 0, and this k is the number of adjacent transpositions for (yi , • ■ • , y„-,-, /li , • ■ • , /Ir) 
to make it dominant. Assume //* + 0, we know y„_,. > -r, and therefore the total negative 
area in (yi, • • • ,y„_r) is no larger than k. So, -5-(-f = |y|+A:>0 which proves (1). 

Again because y„_r ^ the total area of (yi, ■ ■ ■ ,y„_,.,/li, ■ ■ ■ is positive. There- 
fore, l^l^ > k. 

We know that the total negative area in (yi, • • • , yn~r) is no larger than k. Let the positive 
area of y be /. Then we have -(|y| - I) < k. Hence I <t - s. 

The last part is clear. □ 

The following examples, which are direct consequences of Corollary 3.6, will be used 
in Section 5 and Section 6. To state them, we introduce the following notations. For any 
Young diagram a, by Tia we mean a delating the first / columns, and by t' we mean a 
delating everything after the first / columns. For any partition a - {a\, ■ ■ ■ ,ai), by (-a) 
we mean a partition with {-a)i = -a/_;. 

Example 3.7. Notations as above. Let f = 1, then, the only non-zero H'' (Grass, SaQ* ® 
Sy'R*) happens only in the following cases: 
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• s ^ I: -y ^ Ain which case //*(Grass, SaQ* ® Sy'R*) = C. Or length{y) ^ n - r, 
and (t" 'i) = i-y)'. In this case, the corresponding i/*(Grass, S^(3* ® Sy'R") = 

• i = 0: y = (1,0, ■ ■ • ,0). In this case, the corresponding i/*(Grass, S,i(3*® Sy??*) - 
E*. 

Proof. According to Corollary 3.6, we only need to consider the ^ = 1 and s - case. If 
s - I, then part 3 and 4 Corollary 3.6 yield that -y' c A. We also have k - -\y\. Note that 
//'■(Grass, SaQ* ® Sy^*) 9^ implies that the weight becomes dominant after k exchanges. 
Therefore, {A'), - (-y), for all / < length{y), and the corresponding //'^(Grass, SaQ* ® 
Sy'R*) - S(Ai-{y'),„..A2-{y')„-,-),- ,A,-r-(y')i)E* ■ The statement for i = is clear. □ 

Similarly, one has the following example. 

Example 3.8. Notations as above. Let f = 2, then, the only non-zero //'^(Grass, SaQ* ® 
SyJi*) happens only in the following cases. 

• i = 2: -/ = ^ in which case //*(Grass, SaQ* ® SyR*) = C. Or length{y) ^ n - r, 
and {t"-''A) = (-y)'. In this case, the corresponding //'^(Grass, S^(3* ® SyR*) = 

• i = 1, the positive part of y is (1, 0, ■ ■ ■ ,0): The negative part of y is {-A) in which 
case //*(Grass, S,)(3* ® S^??*) = C. Or the length of the negative part of (y) is 
« - r - 1, (t""''"'/1) = ((-y')i,--- ,(-7')n-r-i), and r„_,._i/li < 1, in which the 
corresponding //'^(Grass, SaQ* ® Sy'??*) = S(i,r„_,_,i)£'*- 

• i = 1, y has no positive part: lengthiy) - n - r, and ((r""''/!)'), = (-y); for all 
/ < n-r- 1, ((t""'' /})')«-,■ = {-y)n-r+ 1, and /l-y,+i -{-y')-y,+\ > 2, in which case 
the corresponding //*(Grass, S^Q* ® Sy'R*) = S(t„_,.,i,, ■•,T„_,.i_y,,T„_,.,i_y,,i,o, -.O)/?*- Or 
y = (0, -1, • • • , -1), /I2 = and Ai > n - r + 1, in which case the corresponding 
//''■(Grass, SaQ* ® Sy^*) = S(^,_„+r,i,o,-.o)£*- 

• s - 0: y = (1, 1, 0, ■ • ■ , 0) in which case, the corresponding //'(Grass, S^(3* ® 
SylR*) = A^E*. Or y = (2, 0, ■ • ■ , 0) in which case, the corresponding //*(Grass, SaQ*<Si 

Sy-R*) = S2E*. 

The following lemma and remark gives an algorithm to calculate the higher Ext's. We 
will fix A with \A\ - \6\s, and let f = A: - i - |y|. 

Lemma 3.9. (1) For a fixed partition A with 1{A) < r, there is a unique dominant 
GL„-r-weight y with yn-r ^ such that \y\ is minimal and //*(Grass, SaQ* ® 
Sy-R*) + Ofor some k. 
(2) Let the minimal y in( 1) be yminA ond the corresponding t be t,„i„A- Every other y 
with //'^(Grass, SaQ* ^SyH*) + for some k has y^ > {ymmA)k and the correspond- 
ing t strictly greater then t,„i„A- 

The proof of this lemma shows how to find this minimal y, the corresponding k and t. 

Proof. We look at i + (r, r - 1, ■ ■ ■ , 1). Let /q = r, for ; > let ij - Ar + r - j - A,-], 
i.e., Ar-j + j + I = Ar + 1 + (r - ij). Suppose the largest j with positive ij is p with the 
corresponding ip - q. We construct the minimal y as follows. 

Start with k - r - \ and / = « - r. If A: = ij for some y = 1 , • ■ • , 75, we do nothing for / 
and decrease A: by 1. Otherwise we have k + ij for any 7 = 1, • • • , p, in which case we set 
yi - A,- + [l + r - k) - (n - I + I) and then decrease both k and / by 1. Repeat this process. 
Stop if we reach / = or A = 0. 
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If the above process stopped with A: = and / 0, we reset k - p — I and maintain 
the same I. If At + [l + r - k) = +(«-/+ 1) + 1, we keep the same / and decrease 
A: by 1. Otherwise we have Ak + {1 + r - k) > yi+i + (« - Z + 1) + 1, in which case we set 
yi - Ak + {I + r - k) - (n - I + I) + I and then decrease both k and / by 1. Repeat this 
process. Stop if we reach / = or ^ = 0. 

Again if the above process stopped with k - and Z 9^ 0, we set y; - ji+i and decrease 
/ by 1. Repeat this process. Stop if we reach / - 0. 

The number k is the length of the permutation making (y, A) dominant. 

The second part is clear from the construction. □ 

The following remark gives a recursive method to find out all the other y's with some 
non-vanishing cohomology. 

Remark 3.10. Let the minimal y in(l) be y„„,u and the corresponding t be r„„„^. Every 
other y with //'■'(Grass, SaQ* ® Sy'R*) + for some k can be obtained by a sequence of the 
following operations 'y v^'y. 

The operation depends on the parameter s - 1, • • • ,n - r. Set y, = (ymmA)t for all t > s. 
Start with/ = s. We find the largest ywithmax{y/+i+(n-0+l,(ymi«/i);+(n-'+l)+l} < 
(r-;+l)and sety, = max{/l;+i+(r-;)-(«-/+l) + l,r/+i+(«-0 + l,(rmi«i)/+(n-'+l) + l}- 
Then we decrease / by 1 and repeat this process. Stop if we reach / - 0. 

Note that in the calculation of Ext's we only care about those y's with y\ < r. This 
means we always get all the possible such y's after finitely many operations above. 

4. Equivariant quivers 

Here we introduce the basic notions on equivariant quivers and representations of them. 
They will provide convenient language for the description of non-commutative desingular- 
izations, especially if we would like to consider the equivariant derived categories. Also, as 
we will see in Subsection 4.2, the derived category of coherent sheaves over homogeneous 
spaces are easier to describe in this way. 

4.1. The notion of equivariant quivers. Let G be a reductive group, which will be 
GL„(C) later on. 

Definition 4.1. An equivariant quiver is a triple Q = {Qq, Q\ , a) where (Qq, ) is a quiver 
and a is an assignment associating each arrow q e Qi a finite dimensional irreducible 
representation of G. 

Definition 4.2. Let Q be an equivariant quiver The path algebra KQ of Q is the /T-algebra 
whose underlying vector space is 

a((qu...,qi)), 

{cji,...,qi) is a path 

where a{{q\, . . ., qi)) :- aiqi)- We define the product KQ ® KQ KQ to be 
a{{qu . . . ,qi)) ® a{{px, . . . , ph)) a{{ri ...,r,)) 

is given by 

id , if the path (n . . .,r,) = (qu ■ ■ ■ ,qi, P\, ■ ■ ■ , Ph) 
0, otherwise 
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Obviously, KQ has an action by G and the multiplication is G-equivariant. 
We will say Q is finite if both Qq and Q\ are finite sets. We will concentrate on con- 
nected finite quiver 

Let g be a finite quiver, and / be a two sided ideal of KQ. We say {Q, I) is an equivariant 
quiver with relations if / is generated by sub-representations of a{q\, . . . ,qr) for paths 
(^i, . . . , qr). We usually specify a set of such sub-representations as generators of the ideal 
and call this set relations. We say / is admissible if it is generated by sub-representations of 
a{q\ ,qr) for paths of length 2 or longer and / contains some power of the arrow ideal. 
In this case, the pair (Q, I) will be called a bound equivariant quiver, and KQ/I the bound 
path algebra. 

We would like to define two notions of representations of a bound equivariant quiver, 
depending on whether or not we will acknowledge G-action. 

The first notion will be called simply a representation which is just a representation of 
the quiver obtained by replacing each arrow q e 2 1 by as many arrows as the dimension 
of a(q). 

Definition 4.3. A representation of {Qo, Qi,a) is an assignment associating to each vertex 
a e Qoa vector space Va, and to each arrow q : a ^ ba K-linsai morphism Va®a{q) —> Vb 
(or equivalently dim{a(q)) linear maps Vg — » Vi, according to a fixed basis of a(q)). 

We can as well define the notion of equivariant representations of an equivariant quiver. 

Definition 4.4. Let Q - {Qo, Qi) be an equivariant quiver An equivariant representation 
of Q is an assignment associating to each vertex a e Qq a representation Vg of G, and to 
each arrow q : a ^ b a G-morphism V,-, ® a{q) — > Vi,. 

Let (Q, I) be an equivariant quiver with relations. For a bound representation (resp. 
bound equivariant representation) we require that the generators of /, which we can chose 
to be sub-representations by definition, act trivially, i.e., all the morphisms above involving 
subspaces of / are trivial maps. 

If A is a commutative /T-algebra with a rational G-action, we can also talk about bound 
representations (resp. bound equivariant representation) of (Q, I) over A. By this we mean 
associating to each vertex a projective A-module and all the maps have to be A-linear. For 
equivariant representations we require that the projective modules have a rational G-action 
compatible with the A-module structure and that all maps corresponding to arrows are 
G-equivariant. 

Proposition 4.5. The category of bound representations (resp. bound equivariant repre- 
sentations) of(Q, I) ( over K) is equivalent to the category of modules ( resp. G-equivariant 
modules) over the ring KQ/I. 

By an equivariant module over KQ/I, we mean an G-equivariant KQ/I action KQ/I ® 
M ^ M. 

4.2. Beilinson and Kapranov quivers. According to a result of BeiUnson, we have a full 
exceptional collection 

V(P"-'):={Q'-'(Oh'e[0,n-l]} 
in the derived category of quasi-coherent sheaves over P" Thus, the endomorphism ring 
of ©"^gQ'"'(i) is derived equivalent to P""', where Q.'' is the k-th exterior power of the sheaf 
of Kahler differentials. 

Let £■ be a vector space of dimension n and we take G - GL„(C) acting naturally on E. 
The Beilinson equivariant quiver, which will be denoted by QB{n), is defined as follows: 



NONCOMMUTATIVE DESINGULARIZATION OF ORBIT CLOSURES 



21 



with relations: 



aiOi+iiA-E). 

Remark 4.6. Let's pick up a basis for E, say, ei, ■ ■ • ,e„. Then, the above quiver, with 
equivariant structure forgotten, has n arrows going from the i-th vertex to the i + 1-th, 
denoted by o'' , ■ ■ ■ , a", corresponding to the basis elements of E. The relations Q;,a',+i (A^Zs) 
can be written as a! , a* - ff*, , a! for all /', k. 

The bound path algebra of this quiver is isomorphic to End^^,,_, (ffij^QQ'"'(0), as can be 
checked by Hom^?,,^, Q.''-\b)) s A"-''{E*) if a < and otherwise. 

Remark 4.7. It is not hard to see and is proved in [BLV09] that the category of represen- 
tations of the Beilinson quiver is isomorphic to the category of graded modules over the 
exterior algebra. Also the same is true for equivariant representations. 

The following proposition can be proved using induction. 

Proposition 4.8. The simple equivariant modules over the bound Beilinson quiver QB{n) 
are of the 

• Vo = SAgEfor some Aq h n, 

• Vi = El, i^E for some Ai V- n andC'^^ 

• Vi — Sa^E for some A, h n and C'|' ^ 

We would like to do the same thing for the grassmannian Grass,.(«) with n - r > 1 and 
call the corresponding equivariant quiver the Kapranov quiver QK{r, n). The exceptional 
collection we take will be 

V(Grass,(n)) := {EaU* , a c ((m - rf)}. 

Let G - GL„(C) and E = C" with the natural G action. 

The Kapranov quiver has the set of vertices corresponding to the set of subpartitions of 
((m - r)'), and two vertices Ai and A2 are linked by an arrow Ai — » A2 iff A2/A1 is a single 
box, and in this case this arrow will be associated to the G-representation E. 

For any three partitions a, p, fj., their Littlewood-Richardson coefficient will be denoted 
by C^p, i.e., the number of Littlewood-Richardson tableaux of shape jj/a and of weight 
yS is C^^. With this notation, the relations in Kapranov quiver are generated by the sub- 
representations 

of the arrows in Hom(yS, a). 

The bound path algebra of QK{r, n) is isomorphic to Endcassi®ac((m-ry)Ea'R*)- 



,...,0)^0. 

,...,0) ^ '^"'^^^,U,(1,1,0, -,0) 

^ Ofor i > 2. 
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Example 4.9. We compute the Kapranov equivariant quiver of the grassmannian Grass2(4). 



with relations: 

• Hom( 

• Hom( 

• Hom( 

• Hom( 

• Hom( 




,0): q'iq;2(S2£); 









,0) 



























, 0): aiOiiA^E); 



]): Q'5a'6(A-£'); 



): Q'4Q'6(S2£'); 



I | ): 0204 - a3a5(S2E ffi A'E). 







«6(£) 















Proposition 4.10. The functor <1) := Hom^^^^^^^ ,^_|(©Q,c((m-r)oSff^*, — ) induces an equiva- 
lence between D'^iCohiX)) and D'^{CQK{r,n)/I-mod), with quasi-inverse given by *P :- 



"ffC((m-r)') 



Proof. First note that both functors are well-defined on this level. The Horn space be- 
tween any two equivariant sheaves is naturally a representation of G and the G-action is 
compatible with multiplication by elements in EndGrass(ffiQ-c((m-r)oSn-'^*) - 'CQK{r,n)/I, 
and similar for *P. Also both functors commute with the forgetful functors forgetting the 
G-action. Without the G-equavariance, this result has been discussed. The compatibility 
of G-actions can be checked directly. 

□ 



5. Determinantal varieties of symmetric matrices 

In this section we study a non-commutative desingularization of determinantal varieties 
in the space of symmetric matrices. 

5.1. Review of the commutative desingularization. Now we describe a desingulariza- 
tion of determinantal varieties in the space of symmetric matrices. 

Let £ be a vector space over k of dimension n and H" be the subspace of Homit{E, E*) 
consisting of symmetric morphisms. This space can be identified with Sym2{E*). Upon 
choosing a set of basis, //' can be identified with the set of symmetric (n x «)-matrices 
with Xjj = Xji the coordinate ring of which can be identified with 5 ' = k[xij]i<j. 

Similar to the case of determinantal varieties, we get a universal morphism ip : & ^ &* 
over H\ For r < n, we desingularize the locus SpecT?*, where (p has rank < r. In other 
words, is the quotient of S ' by the ideal generated by the (r -I- 1) X (r -i- 1) minors of (xij). 
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Let 

Q^n^ Ex Grass ^(3^0 
be the tautological sequence over Grass, where Grass is the grassmannian of « - r planes 
in E. 

With a little abuse of notation, we will add an upper script s for the varieties and keep 
the same notations for the maps. More precisely, let J/* be the product Grass xH\ p 
and q be the projection to Grass and //' respectively. Inside of J/', there is an incidence 
variety, denoted by defined as Z.'^ — {(g,h) e Grass x//' : imh e g]. The inclusion 
Z'^ ^/1 is denoted by j, and Spec ' — > //' by /. The induced map Z" Spec /? ' from 
g' : J/' — » is denoted by q' and Z" — » Grass from p : }/" Grass by p'. 

These notations are summarized by the following diagram. 




J/' = Grass xH" 9- Grass = Grass„_,.(£') 

4 

SpecR< U = Sym2(£*) 

Proposition 5.1 (6.3.2 in [W03]). The variety Z" is a desingularization of Spec R\ 

The variety Z'^ can be described as the total space of the vector bundle Sym2((3*) over 
Grass. Equivalently, p' : Z^ Grass is an afEne morphism with p,ffx' equal to the sheaf 
of algebra Sym(Sym2 Q). 

5.2. A tilting bundle over the desingularization. We consider the inverse image of .'^Hk = 
®ac((n-ry)^aQ* , the Kaprauov's tilting bundle over Grass„_r(£), by p' : Z^ ^ Grass. We 
can show the following. 

Lemma 5.2. For all i > 0, and any a, /3 sub-partitions of{{n — rY), we have 

H'(Z\p'* Jifomff^,.JSM*, SfjQ*)) = 0. 

Proof. Use the Cauchy-Littlewood and the Littlewod-Richardson formulas, we can reduce 
the sheaf p'* ^om^^„,^^(S„(3% S^Q") = jrom^^„,^^(S„(3*, S^Q* ®<5.„„,^^ Sym(Sym2 Q)) into 
the form 

e(Sy(3*)®'^'' 

for some multiplicities Cy. By the Bott's theorem 3.2, all the higher cohomology of 

^^om^,_(S„<3%S^(3* Sym(Sym2Q)) 

vanishes. □ 

From the lemma above, using Theorem 2.7, we get the following. 

Proposition 5.3. The Kapranov 's tilting bundle over Grass„_r(£') is denoted by S^Hk- The 
rank r determinantal variety Spec 7?^ of symmetric matrices and its desingularization Z" 
are as above. The bundle p'* is a tilting bundle over Z". 

By Theorem 7.6 in [HV07], since Z" is smooth, End^' ip'" ^Hk) has finite global di- 
mension. 

Lemma 5.4. Notations as above, we have the following. 

(1) If r — n — I, End:is{p'* .^^Hk) is maximal Cohen-Macaulay over Spec/?'. 

(2) If r < n — I, End (p' * £^i Ik) is never maximal Cohen-Macaulay over Spec/?'. 
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Proof. According to Lemma 2.9, it suffices to compute //'(Grass, Sq.(3* ® S^(3 ® ® 
Sym(S2<3)) for / > 1 and a, fi c {n - rY . The sheaf ojz' has been computed in 6.7 of 
[W03], which says a>z' = S(_„_i+,.)»£'* ® S(„_,._i). g*. Hence, 

SaQ* ® S/j(3 ® w^.. ® Sym(S2^2) = S^^J' ® S/?<3 ® Sc-n-i+ry^* ® S(„_r-ir 2* ® Sym(S26j). 

Using Cauchy-Littlewood and Littlewood-Richardson formulas, as well as Bott's Theorem, 
We see that 

//'(Grass, S„Q* ^ S/sQ (gi ojz' ® Sym(S262)) = 
if and only if S„Q* ® S^62 = ©S^6J* has /li < 2 for all /I. This happens for all a,/3 <z (n - r)'' 
precisely when r - n - 1. □ 

Using the same computation as in Lemma 2.9 and Lemma 5.4, we get 

Lemma 5.5. The R" -module q'^p'* ^^Uk is maximal Cohen-Macaulay. In particular, it is 
reflexive. 

According to Proposition 2.7 and Lemma 2.8, Lemma 5.4 and Lemma 5.5 imply the 
following Proposition. 

Proposition 5.6. Notations as above, we have the following. 

(1) The natural map 

Endz'(p'*^ilK) ^ Ends(q:p'*^ilK) 

is an isomorphism of rings. 

(2) If r — n — 1, Endz'ip" -^Hk) is a non-commutative crepant desingularization of 
Spec/?'. Ifr < « - 1, Endz'ip'* ^Hk) is a non-commutative desingularization of 
Spec/?' (but never crepant). 

Before we show some properties and formulas for this non-commutative desingulariza- 
tion, let us remark about the equivariant projectives and simples over this non-commutative 
desingularization. 

Remark 5.7. In this case, the tilting bundle over is the inverse image of an exceptional 
collection V(Grass) - {SaQ* I ^ c ((« - rY)] over Grass. The dual collection is given by 
A(Grass) = S(„-,),(3* » §„«??[(« - r)r - \a\]. 

Remark 5.8. Although p'*(SaQ*) seems tend to have the same global sections for differ- 
ent ff's, they differ as graded objects. This difference is essential as can be seen that if 
a * /Sand q'yiSaQ") = q'y(SpQ*), we would have RHomz^ip'* ^Uk, p'^iSaQ')) = 
R Homz'ip'* -^Hk, p'*{'S>pQ*)), i.e., they corresponding to the same object in D'^{E\\dz'{p'* ■S/'Hk))- 
But this is impossible as we have seen in Lemma 2. 13, there is an object with all Ext's with 
p'*{S>aQ*) vanishes but having non-trivial Ext with p'*{S/^Q*). 

More explicitly, we describe here the equivariant simple modules, considered as mod- 
ules over Endff^(p*(®cr^a)) and as representations. 

Remark 5.9. As can be seen, in the set-up of this section, the conditions in Proposi- 
tion 2.19 and Remark 2.20 are satisfied. Thus, Sjj = R Hom^^ (/?*(©„ Vq,), m^A^) are all the 
equivariant simple objects overEnd^i(/5*(©„VQ,)). As has been remarked in 2.20, the finite 
dimensional algebra End^Q,..^^JffiVQ,) - CQK{n,n - r)/I is a subring of Endff^{p*{®a^o))- 
The modules Sa are also simple modules over CQK(n, n - r)/I. In fact, as CQK(n, n-r)/I 
is a finite dimensional basic algebra, Sa i& the simple representation of the underlying 
quiver QK{n, nn - r) corresponding to the vertex a. In this case, it is evident that S are 
distinct as modules over End^|(p*(ffiQ.VQ.)). 
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Let us look at the structure of S/s's as GL„-representations. By definition, 

S/} = /?Hom<y»(p*(®„V„),M.A;j) 

= //("-'■)'-l"-l(Grass, S/?(3 ® S(„-ryQ* <S> Sc^.'R) 
s C. 

All of them are 1 -dimensional trivial representations. 

The following Proposition is a direct consequence of Lemma 3.5. 

Proposition 5.10. Let S a be as in Proposition 2.19. Then, the Ext's among them are given 
by 

Ext'(5„, Sp) = ®s e,,ee_,(2.) //'"-'"^'"""'(Grass, §,,(3* » SpH* ® K-H), 
where Q^iils) - [Av- 2s\A — {a\, ■ ■ ■ ,ar\a\ - 1, ■ ■ ■ , ~ 1)1 in the hook notation. 

Note that the only element in Q-\{2) is (2, 0, ■ ■ ■ , 0) and the only element in is 
(3, 1 , 0, ■ ■ • , 0). One can easily calculate Ext' and Ext" with the aid of Lemma 3.9. 

For A - (3, 1,0, • ■ ■ ,0), the y;)im(3,i,o,- -,0) is given by Lemma 3.9 is (-2) if « - r - 
1 with the corresponding f„„„(3,i,o,-.,0) = 2; jmm(i,\,a,-fl) - (-1,-2) if n - r = 2 with 
the corresponding fm,„(3,i,o, -.,0) - 2; rm,„(3,i,o,-.,0) = (-1,-1,-2) if n - r > 3 with the 
corresponding fm,„(3.i,o,- ■,(» = 2. Note that in any case above there is no operation described 
in Remark 3.10 satisfying the constrains given by Corollary 3.6. 

For /i = (2, 0, ■ ■ ■ , 0), the 7'm!n(2,o, -,0) is given by Lemma 3.9 is (-1) if « - r = 1 with 
the corresponding fm/H(2,o, -.O) = L ymm{2fl, -fl) - (0, ■ ■ ■ , 0, -1,-1) if n - r > 2 with the 
corresponding f,„,„(2,o,-,o) = 1. 

Note that in the case n-r - 1 there is one operation described in Remark 3.10 satisfying 
the constrains given by Corollary 3.6, which gives y - (0) with t - 2. In the case n - 
r - 2 there is one operation described in Remark 3.10 satisfying the constrains given by 
Corollary 3.6 but can be applied successively, which gives y - (1,-1) and y - (2,-1) 
with the corresponding t - 2 and 3 respectively. In the case n - r > 2 there are a lot of 
operations. But if we only care about those with corresponding t - 2 and satisfying the 
constrains given by Corollary 3.6, there is only one which gives y = (1, 0, ■ • ■ ,0,-1, -1). 

The above analysis proves the following proposition. (Note that only 2-i(2*) with 
s - 0,1,2 contributes to Ext' and Ext^.) 

Proposition 5.11. Let S „ be as in Proposition 2.19. We have 

' (C^",(i,o, -.O^*) ffi (<(i,o,...,0)^*)' if n-r 
(£*)®(q(,,o,..,o)Q, ifn-r>2 

' (C|,(i,i,o,-,0)S2£*) ® (Cfd_i_o_..._o)S2£*) ® {€ a' £*), 
ifn - r - I 

E') ® (<,,_,_2)£*) ® (<(,,,,o,...,oj§2£') ® (<p,o,..,o) a' E'), 

ifn — r — 2 

(^f',(0,.- ,0,-1,-1,-2)'^) ® (^f ',(1,0,- ,0,-1,-1)-^*) ® (^a',(2,0,.-,0)^2£'*) ® (Cfr,(l,l,0,-,0) E*), 

[ ifn-2>2 



ExtH5„,V = 
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5.3. Maximal minors. We assume r - n - I, S" - C[x/,j]i<,</<„ andR" - 5^/(det(jc,j)). 
In this case, is always Gorenstein, since it's a hypersurface. 

The inverse image of the tihing bundle from the Grassmannian is still a tilting bundle 
by the same argument as before. More explicitly, it is 

n-l 

0A'e*®Sym(S20. 

1=0 

Proposition 5.12. The endomorphism ring Endsiqlp'* ^Uk) is isomorphic to the path 
algebra of the quiver: 



»0 •! 



with relations: 



{afij +/3jai) - (aj/ii +/3iaj), 
where for any term not making sense at some vertex, it is to be understand as dropped. 
In the language of equivariant quivers, the above quiver can be written as 

j^„-](£) 

•O •! ■ ■ ■ •«-! 

^MsT ^akH' 

and the relations: 

aiOi+iiA^E); 
06,a,+a,+iy8,+i)(S2£). 

Proof. See the proof of Proposition 5.14 and the proof of Proposition 5.15. □ 

A description of the Ext's between the simples in the module category over the path 
algebra of quiver with relations is given by Proposition 5.10. 

Example 5.13. For any integer a € [0, n - 1], the minimal projective resolution of the 
simple object Sa is: 

S4£' ® Pa-4 

S2E ® Pa-2 S22E (8) Pa-2 (B 

E®Pa-\ ® e S22lE®Pa-\ 

Pa^ ® A^E®P„^ S2nE®Pa^ ® 

E®Pa+l ® ® S22lE®Pa+l 

S2E ® P,+2 ^22E ® Pa+2 ® 

® S32£®ffl+3 
S3E (g) Pa+3 ® 

S4E ® P„+4 

If a is close to the boundary (i.e., and n-l), some terms in the above resolution doesn't 
exist. In those cases, those terms should be understood as dropped. 
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5.4. Higher codimension cases. In higher codimension cases, the tilting bundle is given 
by ffi,ic(2,2)f'*S,i2*- And then we show the path algebra is derived equivalent to the category 
of quasi-coherent sheaves over the commutative desingularization, i.e., the path algebra is a 
non-commutative desingularization. We also prove that the commutative desingularization 
gives the fine moduli space of certain bound representations of this quiver 

Now we start using Proposition 5.11 to describe the quiver with relations for this non- 
commutative desingularization. 

Proposition 5.14. Assume n — r > 2. In the quiver with relations for the algebra A — 
Endff^,{p" r^ilx) as in Proposition 2.19, the vertices correspond to the sub-partitions of 
(n — rY, and the arrow from [i to a is given by E if C^^-j ^ o) ^ '^^^ given by C ;/ 
, n ^ 0. No arrows otherwise. 

1,0, ■■■,(}) 

Proposition 5.15. In the quiver with relations for the algebra A = Endff^Ap'* -^Hk) as in 
Proposition 2.19, the relations are generated by the following sub-representations of the 
arrows in Hom(yS, a): 
• 

in the case n — r — 2; 

('^f',(0,.-., 0,-1.-1,-2)'^) ® ('^f ',(1,0,- ,0,-1,-1)^) ® '^'^f',(2,0,-,0)^2£') ffi (C'i'xi,l,0, -,0) E) 

in the case n — r > 3. 

Similar to Proposition 4.10, we have the following equivalence of equivariant derived 
categories. 

Proposition 5.16. The functor R Hom^_^, (/?'* S^Hk, -) induces an equivalence between 
D''^{Coh{Z')) and D'^(Endff-^Ap'* ^ilK)-mod). 

5.5. Examples. We look at two examples with r = n - I, - C[xi j]i<j<j<„ and = 
S'lidet). 

The inverse image of the tilting bundle is 

n-l 

0A'e*®Sym(S20. 

1=0 

The presentations of the global sections of it's direct summands as S -modules are given by 
^ //°(Z'', A'e* ® Sym(S2e)) ^ \vff'-)E'' ®S ^ ^&,v'--)E* ® S. 

Let's take n = 3 and r = 2 in this section for a concrete example. Here 5 ' - 
C[x,j]i<,<;<3 andiJ^ = S'Udet). 

In this example, 7? is a normal Gorenstein domain since it is a hypersurface ring. Con- 
sequently, if EnAx'ip'* •'^Hk) is maximal Cohen-Macaulay and q'^p'* S/'Hk is reflexive, 
then Endz'ip'* •'^Hk) is a non-commutative crepant desingularization due to the follow- 
ing proposition. 

The inverse image of the tilting bundle consists of three direct summands: Sym(S22), 
Q* ® Sym(S2G), A^Q* ® Sym(S20. Let's denote their global sections as 7J-modules, (and 
5 "-modules automatically), by M,- := H^iZ^/^'Q* ® Sym(S2G)) with / = 0, 1,2. The 
presentations of their global sections as S '-modules are given by 

^ //"(Z', A'e* ® Sym(S20) ^ S(i.,o3-o£* ®S' ^ ^o.',v-)E* ®S\ 
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The Horn's between them are 

HomR(Mi, Mj) = H^\Z\ A^Q* ® a'Q ® Sym(S20). 

More explicitly, 

• Homfi(Mo, Mi) - Mi, 

• Homx(M;, Mo) - Mi, 

• Hom«(M2, Mi) - M2-i, 

• Hom«(M,-, M2) - Mi-i- 
Through some computations, we get 

Homj}(Mi ,Mi) = Mq®N 

and the presentation of is 

^ ^ S(2oo)£* ® S(iiO)£* ® 5-' ^ S(220)£* eS(2ii)£* 

The endomorphism ring is isomorphic to the path algebra of the following quiver with 
relations. 



The quiver is 



with relations: 

jiaj + yjCfi, 
/3j6i+/3i6j, 

PjUi -PiOj, 

JjSi - jiSj, 
(oiPj + Sjji) - {afii + 6ijj). 

The Hom between any two direct summands is graded, with grading given by the weight 
of Gm-action on E. The grading defined this way is different but (strictly) finer than the 
one used in the proof of Proposition 2.19. 

The Hilbert series of those modules can be computed from the presentations: 

-IT _ . 

n-Ma — (i_f2)6 J 



3-3r ■ 



Putting the Hilbert series of the Hom's into a matrix, we get 



1 



3t + 3P 



1 + lOf^ 



3r2 
3t + 3f3 

1 + f2 + f4 



3t + 3t^ 
3t- 3t + 3t^ 

The coeflicients in front of each monomials in the entries of the inverse matrix gives 
the multiplicity of the projectives in the resolution of the simples. The matrix above has 
an inverse with polynomial entries, which corresponds to the fact that the derived category 
over the endomorphism ring has finite global dimension. 
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The inverse matrix is 

3f5 - 3t 
-6f4 + 6f2 



3f5 - 3f 
3t^ - 3t 



-6t^ + 6t- 
3f5 - 3t 
-t^ - 3f4 + 3f- + 1 



It's easy to guess the resolution of the simples from this matrix. It is easy to verify that 
this resolution coincide with the one given by Lemma 2.26 and Proposition 5.10. 

S2£ ® Pi S22E ® P2 

S22i£®fo 

® Pr 



>o 



Si 



hiiE^Pi 



hiiE (» Po 



■0; 



■ §222^ ® Pi . 



Pi e -^a2£'®Pi-^S21i£'®Pi— W 

E®P2 S22l£®P2 

Example 5.17. Let's look at one more example with ti — A and r -3. 

As before, the direct summands of the tilting bundle over the desingularization are 
A'e* Sym2(S2e) where / = 0, . . . , 3. 

The presentations of their global sections as S '-modules are given by 



<- Mi := H^\Z, f\'Q* ® Sym(S2G)) 



S(l',0"-0 



S(2M'") 



The endomorphism ring is isomorphic to the path algebra of the quiver: 



with relations: 

{afij +/3jai) - {afii +/3iaj). 

To get the Hilbert polynomials of the Hom's among them, we only need to compute the 
presentations of two modules, i.e., Hom(Mi,Mi) and Hom(Mi,M2). They are given as 
follows. 



Mo © Ci, where 

Sii^igi^''® S2£'( 



• Hom(Mi,Mi) 

^ Ci <■ 
is exact; 

• Hom(Mi , M2) = Ml © C2, where 

^ C2 ^ SiiiE'®^''® S2i£'( 
is exact. 

The matrix of Hilbert polynomials between their Hom's is 



221l£'®5-'©S222£'®5' 



S' <- S^2i£'®5-'©S2iii£'®5' 



1 



2\10 



4-4f2 



17 - 16?^* - f*^ 
28 - 24f2 - 4t^ 



28 - 24f2 - 4t^ 
17 - 16r4 - f8 
4-4?"^ 



4-4f2 
4-4f'' 



It's inverse matrix is 

15/* -6/'° - ISr"* + 6f- + 1 
201^ - lOp + 4f" - 4l 
-20t* + 20f* - 10/'° + lOr- 
-20/-' + 601^ - eop + 20/' 



20r'' -20/' +4r" -4/ 
15/* -6/'» - ISf* + 6/- + 1 
20/5 -20/'' +4/" -4/ 
-20/-' + 20/* - 10/'° + 10/- 



-20/* + 20/* - 10/'° + 10/- 
20/5 _ 20/7 + 4/" - 4/ 
15/* - 6/'° - /'2 - 15/* +6/- + 1 
20/5 _20/' +4/" -4/ 



-20/-' + 60/5 _ 50/7 + 20/' 
-20/-' + 20/* - 10/'" + 10/- 
20/5 - 20/' + 4/" _4, 
15/* -6/'" -/'- - 15/* +6/- + 1 
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One can guess the resolution of the simples from this matrix. Again, it is easy to verify 
that this resolution coincide with the one given by Lemma 2.26 and Proposition 5.10. 

a'e^Po e S22i£'®^'i 
So: Pq^ E(»Pi^ ® ^S2ii£®Po-^ ® 

S2E ®P2 e S'i2E ® P3 

SioE ® f 2 



' 1 • 



Si^iE^P^ 

hiuEisPi ® SmiiE^Po 

e ^S322l£'®^'0-^ ® ^S3332E®Pi^E,33i3E®Po^O; 

S33lE®P3 ffi Si3-,l£'®P2 
S331l£'®^'2 

ESiPi) A^E®Pi S2nE«iPi S22i£'®^'o 

E®P2 S2E1SP3 S22E®P3 S22lE®P2 



S321l£'®f'o §322i£'®Pi 
- ffi 
S32uE®P2 S33ii£'(8iP3 



S3322£ ® Pi S3332£ ® ^0 

_ ^ ^ _ 

S333l£'®^'3 E,3332E'S>P2 



S3333£ ® ^"1 



Now let's look at an example of higher codimension symmetric minors case. Let's take 
n - dim E = 4 and r = 2. 

The first two steps are relatively easy. By direct computation, we get the following 
quiver (recall that vertices are indexed by Young diagrams) : 



with relations: 

• Hom( 

• Hom( 

• Hom( 

• Hom( 



Hom( 
Hom( 







Q-i(£) 



□ 




,0): Q'iQ'2(S2£); 



, 0); aia3{A^Ey, 



]): asaeiA^^E); 



): a4ae{S2E). 



/52(C) 






«6(£) 


















I | ): Q'2Q'4 - Q'3Q'5(S2£' ffi ^'E); 
I | ): a3j6iQ'i - Q'3a'5yS2(A^£'); 
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Hom( 



Hom(0, 



Hom(Q, 



): aeP^as -yS2Q'3Q'5(A-£'); 



Using Olver's description of Fieri inclusions, (see, e.g., 1.2 of [SWIO],) it's easy to 
check the above listed subrepresentations acts trivially on p'* ffi Sq.(3*. Then Proposi- 
tion 5.15 yields that these are all the relations. 



6. Pfaffian varieties of anti- symmetric matrices 
What we will do in this section is parallel to the previous section. 

6.1. Review of the commutative desingularization. Let £ be a vector spaces over k of 
dimension « and H" be the subspace of HonikiE* , E) consisting of anti-symmetric mor- 
phisms. This space can be identified with /\^{E). Upon choosing a set of basis, //' can be 
identified with the set of symmetric (« x«)-matrices (jc,j) with Xjj - -xji, whose coordinate 
ring can be identified with S" = A:[x,j],<j. 

We get a universal morphism tp : &* ^ & over H". For r < n, we desingulariz the 
locus Spec/?", where (f has rank < r. In other words, R" is the quotient of S" by the ideal 
generated by the (r + I) x (r + I) minors of 

Let 

O^'R^ Ex Grass Q ^ 

be the tautological sequence over Grass, where Grass is the grassmannian of (n - r)-planes 
in E. 

We will add an upper script a for the varieties and keep the same notations for the maps. 
The incidence variety Z" of J/" desingularizing Spec R", is defined by Z" = {{g, h) 6 
Grass xH" : im/i e g}. We use the following diagram to illustrate all the notations. 

^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^ 

J/" = Grass xH" ^ Grass = GrasSn-.CE) 

S^scR< '-^ H" = a2(£*) 

Proposition 6.1 (6.4.2 in [W03]). The variety Z," is a desingularization of Spec R". 

The variety Z" can be described as the total space of the vector bundle A^{Q*) over 
Grass. Equivalently, p' : Z" Grass is an affine morphism with p^Gz" equal to the sheaf 
of algebra Sym(A^<3). 

6.2. A tilting bundle over the desingularization. As before, we pull back S^Hk - ©^c(«-r)' S,)2*, 

the Kapranov's tilting bundle over Grass„_r(£), by p' : Z" — > Grass. Similar to the sym- 
metric case, we can show that for all / > 0, and all a, j3 sub-partitions of ((n - rY), 

H\Z\p'*-^omff^,JSM\Si,Q-')) = 0. 

From the claim above, using Lemma2.6 and Lemma2.5, we get the following 
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Proposition 6.2. The Kapranov's tilting bundle over Grass„_, (F) is denoted by S^Hk- The 
rank r determinantal variety Spec R" of anti-symmetric matrices and its desingularization 
are as above. The bundle p'* is a tilting bundle over X."- 

Lemma 6.3. The quasi-coherent sheaf E.ndz" ip'* -3^ Hk) over SpecR" is never maximal 
Cohen-Macaulay. 

Proof. According to Lemma 2.9, it suffices to compute //'(Grass, S»(3* ® SpQ ® (jdz' ® 
Sym(A-62)) for / > 1 and a, /3 c (« - r)'. The sheaf oj^" has been computed in 6.7 of 
[W03], which says oj^" = S(_„_i+,)"£'* ® S(«-r-if G*- Hence, 

SaQ* ® SfiQ (g) (jjz'^ (g) SymCA^Q) s S„(3* ® SpQ ® S(-n-i+rrE* » S^n-r-iyQ* ® SymCA^Q). 

Using Cauchy-Littlewood and Littlewood-Richardson formulas, as well as Bolt's Theorem, 
we see that 

//'(Grass, S„(3* ® S^Q ® ® Sym(A-Q)) = 

if and only if S„(3* ® S/jCj = ®Si(3* has Ai < I for all /I. This can never happen for all a, 
/3 (Z {n - rY for any n or r. a 

By Theorem 7.6 in [HV07], since X" is smooth, End2;°(/''*=5^!VA:) has finite global di- 
mension. Using Proposition 2.7, we get the following. 

Proposition 6.4. If r>2, the map 

En&z«{p"^ilK) ^ Ends{q:p"^ilK) 

is an isomorphism of rings. In particular, Endz«{p'* -^Hk) is a non-commutative desingu- 
larization (but never crepant). 

Now, we describe the Ext's between the equivariant simples. Then, we will use that 
to get the shape of quivers with relations of the non-commutative desingularization. As 
similar things has been done in the symmetric case, we will omit some details in the proofs. 

Proposition 6.5. Let Sa be as in Proposition 2.19. Then, the Ext's among them are given 



where Q\(2s) — [A \- 2s \ A - (ai, ■ ■ ■ ,flr|fli + 1, ■ ■ ■ , + 1)) in the hook notation. 

Note that the only element in Q\{2) is (1, 1, 0, • ■ • ,0) and the only element in 2i(4) is 
(2,1,1,0, - - ,0). One can easily calculate Ext' and Ext^ with the aid of Lemma 3.9. 

For A - (1, 1, 0, ■ • ■ ,0), the ymm(\,\,a, - ,0) is given by Lemma 3.9 is (0, ■ • ■ , 0, -2) with 
the corresponding fmm(i,i,o, -,0) - 1- There are a lot of operations described in Remark 3.10, 
but if we only care about those with corresponding t — 2 and satisfying the constrains given 
by Corollary 3.6, there is only one which gives y - (1, 0, ■ ■ • ,0, -2). 

For /I = (2, 1, 1, 0, ■ ■ ■ , 0), the ym/„(2,i,i,o, ■■,()) is given by Lemma 3.9 is (-3) if n - r = 1 
with the corresponding fm,„(2.i.i.o. -,0) = 2; rm/«(2,i,i,o,-.,0) = (0, • ■ ■ ,0, -1,-3) if « - r > 2 
with the corresponding fmi«(2,i,i,o, -.0) = 2. 

The above analysis proves the following proposition. (Note that only Q\(2s) with s — 
0, 1, 2 contributes to Ext' and Ext^.) 

Proposition 6.6. Let S a be as in Proposition 2.19. We have 



by 



Ext'(5„,5/j) =ffi, 



!Eei(2,0 //'"'"^'"""'(Grass, SaQ* ® Sp.'R* ® Sa-'R), 



Ext'(5„5^) = (C; 



73,(1,0,- ,0) 



'a 



,£*)e(C 



a,(l,l,0,--,0) 



,C): 
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ifn — r — I 

(^f'.(o,.-. ,0,-1.-3)'^^ ® ^^i', (1.0.-. 0.-2)^*'^ ® (^^'.(a.o.-.Oj^z-E*) © (C^',(i,i,o,...,o) ^ 
i/n — r > 2 



Now we start using Proposition 6.6 to describe the quiver with relations for this non- 
commutative desingularization. 

Proposition 6.7. In the quiver with relations for the algebra A - 'EnAff^aip'* ■!^ilK) in 
Proposition 2.19, the vertices correspond to the sub-partitions of (n — rY, and the arrow 
from p to a is given by E ifC'^^i q o) ^ '^"'^ given by C i/C^ j ^ ^ 0. No arrows 
otherwise. 

Proposition 6.8. In the quiver with relations for the algebra A = Endiff^„{p'* ^il^) as in 
Proposition 2.19, the relations are generated by the following sub-representations of the 
arrows in Hom(j6, a); 
• 

<,(i,o,...,„) £)®(Cf,,2,o,..,0)S2£) 

in the case n — r — I; 

<.(0,...,0,-l.-3)C) ® (Cf;,,,o,.,o.-2)£) ® (Cf:(2,0,-..0)S2£) © (Cf! (,1,0,... ,0) E) 

in the case n — r > 2. 

Again, we have the following equivalence of equivariant derived categories. 

Proposition 6.9. The functor RWomg^^Xp'* -S^Hk, -) induces an equivalence 

D''c{Coh(Z")) = D''c(Ende^„(p"^ilK)-mod). 

7. Determinantal varieties 

In this section we study a non-commutative desingularization of determinantal varieties 
in the space of matrices. 

7.1. Review of the commutative desingularization. Now we start describing a desingu- 
larization of determinantal varieties. We will follow the notations in the paper by Buch- 
weitz, et al [BLV09]. 

Let G andf be vector spaces of dimension m, n respectively with m > n, and H - 
Homt(G, F). Upon choosing a set of basis /i , ■ ■ • , /,„ and gi, - • ■ ,gm H identified with 
the set of {m x n)-matrices (xij). The coordinate ring of H can be identified with S - k[xij]. 

By base extension from Spec k to H, we get two vector bundles 'F and over H, and a 
universal morphism if : Q T. For r < n, we desingularize the locus Spec R, where (f has 
rank < r. In other words, R is the quotient of S by the ideal generated by the (r-n 1) x (r + 1) 
minors of {xij). 

We take the grassmannian of n - r planes in F* , denoted by Grass. Let J/ be the product 
Grass x//, p and q be the projection to Grass and H respectively. Inside of J/, there is an 
incidence variety, denoted by Z., defined by 

Z - {(g, h) e Grass xH -.imgoh- 0). 

The inclusion J3 J/ is denoted by j, and Specif — > // by /. The induced map Z — » 
Spec/? from q ..}/—> H is denoted by q', and Z —> Grass from p . if ^ Grass by p' . 
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These notations are summarized by the following diagram. 



J/ - Grass x// ^ Grass = Grass„_,.(F*) 

4 

Spec 7?^^ — ^ H = Hom(G, F) 

Proposition 7.1 (6.1.1 in [W03]). The variety X, is a desingularization o/Spec/?. 

The variety X can be described as the total space of a vector bundle over Grass. 
Let 

Q^n^F* X Grass ^(3^0 

be the tautological sequence over Grass. We apply the functor G* ® - lo the dualized 
tautological sequence — » ^ F x Grass ^ ??* ^ to get 

^ S ^ E ^0 

. Following [W03], let 77 be the sheaf of sections of 5* = G ®Q. The desingularization 
X is the total space of S . Equivalently, p' : X Grass is an affine morphism with #2 
equal to the sheaf of algebra Sym(?;). 

7.2. A tilting bundle over the desingularization. We will show, in this subsection, that 
p'* -S^Hk is a tilting bundle over the desingularization X- 
Now we prove the following 

Proposition 7.2. The Kapranov 's tilting bundle over Grass„_r(f *) is denoted by 

The rank r determinantal variety Spec R and its desingularization X are as above. The 
bundle p" r^ilx is a tilting bundle over X- 

Proof. According to Theorem 2.7, it suffices to show that H'(X, p'* J^orcLff^^,^^X^aQ* , SpQ*)) - 
for all / > 0, and all a, /3 sub-partitions of ((« - rY). 

Use the Cauchy-Littlewood and the Littlewod-Richardson formulas, we can reduce the 
sheaf p'* ^om<?^„,^^(S„(3*, S^Q*) = J'^omff^^^JSM*, S^Q* (8i£?^„,^^ Sym(//)) into the form 

for some coefficients Cy. By the Bott's theorem 3.2, all the higher cohomology of 

/?'* jrom<?„_(S„(3*,S/j(3*) = jrom<^^_(S„(3*,S/;(3* (g)^„_ Sym{T])) 
vanishes. □ 

Proposition 7.3. The module ^nd :^{p' * ^iljc) is reflexive and maximal Cohen-Macaulay. 
Proof. This has been proved in [BLV 11]. □ 
Proposition 7.4. The map 

EnAz{p'*^ilK) ^ EnAsiq^p'^.^ih) 
is an isomorphism of rings and it is a non- commutative desingularization of Spec R. 
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Proof. By Proposition 2.7, it suffices to show the exceptional locus of q' has codimension 
at least 2 in both X and Spec R. The codimension of Spec R in Spec S is (" 2 ')' and hence 
the codimension of the singular locus of Spec R has codimension at least 2 unless « = r in 
which case Spec R is smooth. The codimension of the exceptional locus in Z. is the rank 
of the bundle Z. — * Grass, which is at least 2 unless m - dim G - I and r = 1 in which 
case Spec /J is still smooth. □ 

By theorem 7.6 in [HV07], since Z. is smooth, End^ip'* ^Hk) has finite global dimen- 
sion. 

7.3. Formulas for the non-commutative desingularization. Now we come to a formula 

for the noncommutative desingularization Endsig'^p'* ^Uk) - End^ip'* -^^Hk)- 

Using a procedure similar to the one in Section 5, one can get the quiver with relations 

for the non-commutative desingularization. As the quiver with relations in this case is 

known to experts and yet to be published, instead, we explore the endomorphism ring 

using the basic theorem of geometric technique. 

Let 77 = (3 ig) G. The modules //"(Grass, Sym(77) ® S„(3*) will be denoted by Ma- 
in the basic theorem of geometric method 3.3, we take the vector bundle to be Sa'V = 

SaQ*, V - Grass, and X to be H. By the same argument as in proposition 7.2, we get the 

vanishing of higher derived images for M(Eia'V), i.e., 

R'qMiSa^ = R'q.i&Z ® P*^a^) = //'(Grass, Sym(;7) ® S„T) = 

through the expansion of Symirf) ® Sa'V using the Cauchy-Littlewood and the Littlewod- 
Richardson formulas, and Bott's theorem. 

According to theorem 3.3, there is a presentation of Ma given by Fa,\ — > /^»,o with Fa,i 
defined to be 

Fa,i = ^ //■'(Grass, A'+-'(^) ® SaQ*) ® S 

= ^ //■'(Grass, ffi|^|=,+;Sp'G ® S^?? ® SaQ*) ® S 
= ^ ®M=i+jH-' (Grass, Sf.'R ® SaQ*) ® S^^-G (8 S. 

To compute the Fa/s, all we need to do is to compute //^(Grass, S^'R ® SaQ*). 

Theorem 7.5. Notations as above, 

(1) Fa,i =S(„,i».-,,o""-.)G®S(K.,-,)/^*®5; 

(2) Fa,Q = S<,G®5. 

Proof. Assume 1(a) - t, i.e., a, 9^ and a,+i - 0, |//| - j + I. To show (1), it suffices to 

prove that 

(2) 

IS(„ iy„-r-i)G (g) Siir^i-f)F*, if i - \a\ + r-t - I and u - (a + (r 
0, otherwise 

We have, using the language of 3. 1, 

Hj(S^>Ge>S^'R®SaQ*) = //^■(S^'7?®S„<3*)(8)S^'G 
= Hj('y(0/iu,a))^S^.G. 
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Since ai < n - r, one easily sees that lip) - ai. In fact, if /(/i) < ai, we would get 
(0, • • ■ ,0, 1, • ■ ■) performing the symmetric group action described in 3.1; and we would 
get negative entries followed by Os performing the symmetric group action if l{p) > ai . 

Note also that we must have p D a. Otherwise we would get Os followed by positive 
entries performing the symmetric group action. 

By performing adjacent transposition actions ai times, we can delete the first row of a, 
delete the first column of jj., and move everything remains in fi down by one row. Induc- 
tively, after performing lal transposition actions times, we will get (0, • ■ ■ ,0, a' /jj', C"')- 

To get non-trivial we have to perform \p\ - lal - 1 transposition actions to 

(a' /fj.',0''^') to make it dominant. The only possibility is a' /fi' = (0, ■ ■ ■ , 0, -r H- f + 1), 
and the corresponding p ^ (a' + (r - f, 0""''"')) and //I''!-' = S(„,i«i-,,o."-'-i )E ® S(i,+i-,)F*. 

By the same argument, one proves (2). □ 

8. Other examples 

Here we look at some non-commutative desingularizations beyond representations with 
finitely many orbits. The mechanics we developed in Section 2 work in these examples. 
But as one have seen in Proposition 5.10, computing quiver with relations involves the 
problem of inner plethysm and cannot be done in general. 

8.1. Rank varieties of anti-symmetric tensors. Let £ be a vector space over k of dimen- 
sion n and //o" be the affine space A'^E* consisting of anti-symmetric tensors of power d. 
Upon choosing a set of basis for E, it's coordinate ring is identified with A'^f' Sym(A''£'). 
Let X^f^ c H^f^ be the rank variety consisting of tensors of rank < n - I. We will find a 
non-commutative desingularization for Xa'\ 

Let us review a commutative desingularization. Let 

Q^'R^ Ex Grass ^(3^0 

be the tautological sequence over Grass where Grass - Grass( 1 , £) is the grassmannian of 
lines in E. Let ri^f^ be the vector bundle A''Q. As can be found in Section 7.3 of [W03], 
the total space J^Sf' of the vector bundle rj^a ^* is a commutative desingularization, i.e., 
X^f^ - Spec (Sym A''<3). Alternatively, it can also be defined as the incidence variety 

Grass 

Za^ = {{S, (p) e Grass x//f ^ | e a''S c a''£*}. 

As before, let J/*,''' be the product Grass xHa''\ p and q be the projections to Grass 
and respectively. Inside of J/i''', there is an incidence variety, denoted by Zl'a^ ■ The 
inclusion Z.^^^ ^ J/a'' is denoted by j, and X'^f^ — » by /. The induced map Z^f^ — » X'^f^ 
from q : J/q''* —> Hjf^ is denoted by q' and Z^a^ — > Grass from p : J/a'' Grass by p'. 

These notations are summarized by the following diagram. 




^ Ha^ = A''(£*) 

We consider the inverse image of ^^Uk - A' Q*, the Kapranov's tilting bundle over 
Grass(l,£), by p' : Za ^ ^ Grass. We can show 

Lemma 8.1. For all k> 0, and i, y = 0, . . . H''{Za^p'* =^om<?^_(A'(3*, aJQ*)) = 0. 
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Proof. Use the Cauchy-Littlewood and the Littlewod-Richardson formulas, we can reduce 
the sheaf p'* ^om^^„,^^(A'Q*, aJQ*) s J^om^^,.^^jA'(3*, A'Q* ®ff^^.^^ Sym(A''(3)) into the 
form 

for some coefficients Cy. By the Bott's theorem 3.2, all the higher cohomology of 

^ome,,.^X^'Q\ AjQ* SymCA^'Q)) 

vanishes. □ 

From the Lemma above, using Theorem 2.7, we get the following 

Proposition 8.2. The Kapranov 's tilting bundle over Grass( 1 , E) is denoted by ^Hk- The 
rank n-l subvariety X^'' ofd-th anti-symmetric tensors and its desingularization 'Z^a' cif^ 
as above. The bundle p'* -S^Hk is a tilting bundle over . 

Since JZ^Jf is smooth, ^'s\A-^d){p'* S' il^) has finite global dimension. 

Lemma 8.3. Notations as above, End-^(di{p'* £^ili^) is maximal Cohen-Macaulay 'j^(jli) — 
n - 1 > 0. 

Remark 8.4. As can be easily checked, (^Ij) -n-l > if and only if > 6 and 
3 <d<n-3. 

Proof. By Theorem 3.4, it suflices to compute //^(Grass, A'Q (g) A^Q* ® wcrass ® a'"''^* ® 
Sym(A''(3)) for /t > and /, ; = 0, . . . , n-l, here ^ = 'R®A''"' (3 according to 7.3.1 of [W03]. 
The sheaf wcrass = A"^^Q* ® Using Cauchy-Littlewood and Littlewood-Richardson 
formulas, A''62®A-''62*®WGrass®A"'''^*(g)Sym(A''(3) = A-''"'Q*(8iSym A'^'Q(g)A""'(3G=i)"<""'*"'® 
. The conclusion now follows from the Bott's Theorem. □ 

We know that i^crass is a direct summand of J^Hk- In the case (^^i) -n-l > 0, the 
module q'^p" ^Hk is maximal Cohen-Macaulay. In particular, it is reflexive. According to 
Proposition 2.7 and Lemma 2.8, using Lemma 8.9, we get the following Proposition. 

Proposition 8.5. Notations as above, in the case (^Ij) - « - 1 > 0, the map 

End^d^ip'^^ilK) ^ End^miqiy^ilK) 
is an isomorphism of rings and End.^d)(p" ^Hk) is a non-commutative crepant desingu- 
larization ofXlf\ 

Remark 8.6. In this case, the tilting bundle over Za^ is the inverse image of an exceptional 
collection {A'Q* | / = 0, . . . , « - 1) over Grass. As can be checked by definition. The dual 
coflection is given by A""'^2* (8 S„_,'R[n - 1 - /]. 

Let us take n=6 and d=3, for an example. One can prove as in Proposition 5.10, that 
for any a, /? = 0, . . . , 6, Ext'(5„, S^) = H'-'-f^^" [Grass, A' A^ Q* » S(6-/?)'?? ® S(6-a)'R*)- 
As it is known that A^ A-' = 82,2,1, i,o,oC^ © Si,i,i,i,i,iC^- This means, in this example 
Ext' and Exf can be calculated very easily which gives the quiver with relations for the 
endomorphism algebra. 

/^(C) /^(C) AC) AC) 



•0 •! '2 '3 •4 '5 

a(E) a(E) a(E) a(E) a(E) a(E) 
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and the relations: 

aiai+iiA^E); 
f3a/3a + al3a/3(A^E). 

8.2. Cone over a rational normal curve. Let £ be a vector spaces over k of dimension 
n and H^f' be the affine space SjE* consisting of symmetric tensors of power d. Upon 
choosing a set of basis for E, it's coordinate ring is identified with Af^ - Sym(S;/£'). Let 
xf ^ c be the rank variety consisting of symmetric tensors of rank < « - 1 . We will 
find a non-commutative desingularization for X,''* and describe it in certain cases. 
Let us review a commutative desingularization. Let 

O^K^ Ex Grass ^ (3 -» 

be the tautological sequence over Grass where Grass = Grass(l, £) is the grassmannian of 
lines in E. Let 77^''' be the vector bundle SdQ- As can be found in Section 7.3 of [W03], 
the total space Zff^ of the vector bundle irj^f^Y is a commutative desingularization, i.e., 
Z^f^ - Spec (SymS£;(3). Alternatively, it can also be defined as the incidence variety 

Grass 

Z*/' = {(S,(p) 6 Grass xHf \ (/> e SdS c SdE*]. 

As before, let J/*/* be the product Grass xHf \ p and q be the projections to Grass 
and H^^ respectively. Inside of there is an incidence variety, denoted by Zf^- The 
inclusion Z*/' ^ J^i"'' is denoted by j, and xf ^ — > by ;. The induced map Z?'* — » xf^ 
from q : }f^f^ —> H^f^ is denoted by q' and Zi''' — * Grass from p : J/j'' Grass by p'. 

These notations are summarized by the following diagram. 




9' J/f^ = Grass x//f ' — Grass = Grass i(£) 

?! 

x(f)Q U //f ' = EAE*) 

As before, we have: 

LenunaSJ. For all k> 0, and i, j = 0, . . . //HZ'/V* -^oniff^^jA'Q* , aJQ*)) = 0. 

From the Lemma above, using Theorem 2.7, we get the following 

Proposition 8.8. The Kapranov 's tilting bundle over Grass( 1 , E) is denoted by ,'7ilK- The 
rank n - I subvariety X^f^ ofd-th symmetric tensors and its desingularization Z*/' are as 
above. The bundle p'* is a tilting bundle over Z's"'^- 

Since Z*/' is smooth, End-^(di{p'* ^Hk) has finite global dimension. 

Lemma 8.9. Notations as above, End.^id){p" r^ilx) is maximal Cohen-Macaulay. 

Proof. By Theorem 3.4, it suflices to compute //*(Grass, A'Q ® A^Q* ® WGrass ® a'"^^* ® 
Sym(Srf(3)) for A: > and /, ; = 0, . . . , « - 1, here ^ = ® Sj-iE according to 7.2.1 of 
[W03]. The sheaf WGrass = A" 'fij* ® Using Cauchy-Littlewood and Littlewood- 

Richardson formulas, A'Q ® A-''<3* ® wcrass ® A'°''^* (S> Sym(SdQ) = A-'^'Q* (8 SymS,/(3 ® 
for some ju. Now it follows easily from the Bott's Theorem that 
End^K^C/?'* ^Hk) is maximal Cohen-Macaulay iff ("^''7') \ > 0. But as can be easily 
seen, ("^^'7') ^ « ^ 1 is always positive. □ 
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In the case that n - 2, one can see that xl' ' is the cone over a rational normal curve. 
And in this case, End-^fd){p'* ^ilg) is always maximal Cohen-Macaulay grant that d >2. 
With similar calculation as in Proposition 5.10, we get the following: 

Proposition 8.10. For any two simple objects Si, S j, i, j — 0, 1, we have 

Ext'iS i, S j) = ®l^oH'-'-j^'{f^ , (QJ'' ® CRy-'). 

Plug-in t - 1,2 and /, y = 0, 1 , we get the quiver with relations for the non-commutative 
desingularization. 




a(E) 



and the relations: 

a/3(S(d-u)Ey, 

Remark 8.11. Many other examples of representations with finitely many orbits will be 
analyzed in subsequent papers. 
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